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Effect of strain localization on the response of 
granular materials subjected to monotonic and cyclic 
triaxial tests

Erminio Salvatore,* Edward Andò,** Roberta Proia,* Giuseppe Modoni,* Gioacchino Viggiani**

Introduction

In modern geotechnical engineering practice, 
boundary value problems are analysed numerically, 
so that complex geometries and loading conditions 
or sophisticated constitutive laws can be taken into 
account. A class of popular constitutive models [JEF-
FERIES, 1993; WOOD et al., 1994; MANZARI et al., 1997; 
MODONI, et al., 2011] have been formulated, based 
on the Critical State Soil Mechanics, exploiting the 
principle that the stress and volume state of sheared 
materials systematically heads to a locus defined for 
instance in the e-p’-q space by equations. 1 and 2 
[SCHOFIELD et al., 1968]. The parameters introduced 
in these equations are usually determined by match-
ing the points that are representative of the last state 
in triaxial compression tests, i.e. following a phenom-
enological approach and supposing that stress and 
strain uniformly distributed within the specimen 
[GAJO et al., 1999; REZA et al., 2005]. Thereafter the 

set of constitutive parameters calibrated for this spe-
cific stress path is assumed valid for any other load-
ing condition.

 q=Mp’ (Eq. 1)

 ec=Γ– λlnp’ (Eq. 2)

On the other hand, there is large agreement that 
non-uniformity of strain takes place in triaxial speci-
mens at large deformations. Even Casagrande [CA-
SAGRANDE, 1936] who initially envisaged the idea of 
a critical void ratio, warned that the undrained tri-
axial tests used to study the liquefaction phenomena 
could be not fully representative of the soil respon-
se at Critical State (CS) because of an internal non-
uniform redistribution of density within the labora-
tory specimen activated by cyclic loading [CASAGRAN-
DE, 1979].

More generally, the tendency of geomaterials 
to concentrate strain in narrow zones while keep-
ing the remaining part of the sample almost unde-
formed, has been extensively observed in the labora-
tory and theoretically studied over the past decades 
[RUDNICKI et al., 1975; VARDOULAKIS et al., 1978; LAM et 
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Summary
This paper discusses the influence of strain localization on the Critical State of sand determined by triaxial tests. Bearing this 

goal in mind a comprehensive experimental study has been carried out on three different granular materials, two homogeneously 
distributed quarzitic sands and an assembly of steel spheres tested in axisymmetric conditions. The paper is logically structured in 
two parts: the first reports the outcomes of a classical phenomenological analysis developed by subjecting reconstituted specimens to 
conventional axisymmetric compression and extension tests in a standard triaxial apparatus, the second reports similar tests perfor-
med with x-ray scanning with results processed by Digital Image Correlation and porosity measurement tools. Aim of this second 
part is to detect the deformation mechanisms taking place at the particle scale. All experimental results confirm the natural tendency 
of granular media to concentrate strain within narrow portions of the specimens, even when the exterior appearance of the specimen 
suggests uniform deformation. Some caution is therefore required when extracting Critical State parameters from macroscopic results 
of triaxial tests. In fact, while a clear dependency of the critical void ratio on the followed stress path is observed at macroscopic level, 
a unique Critical State Locus is obtained when porosity is measured locally in the soil portions where shear strains concentrate. The 
analysis of the strain fields, extended to cyclic tests involving alternated compression and extension, shows the role of the principal 
stress orientation on the yielding mechanisms and the sharp transition from one pattern to the other produced by the reversal of 
loading.
Keywords: critical state, granular soil, triaxial tests, stress path, anisotropy, strain localization.
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al., 1988; DESRUES et al., 1996; DESRUES, 2004]. Among 
them, DESRUES et al., [1996] stress the importance 
of identifying the critical void ratio of sand locally, 
since non-uniformity makes global measurements 
lose their pertinence. In particular, the authors per-
formed triaxial compression tests in an x-ray tomo-
graph to demonstrate the uniqueness of critical void 
ratio for samples compressed triaxially at a given 
confining pressure and different initial densities.

The role of the stress path on the position of 
Critical State Locus (CSL) in the e-q-p’ space is still 
debated and a clear conclusion has not been con-
vincingly drawn. VAID and CHERN [1985] show a mo-
re contractive behaviour when sand is subjected to 
triaxial extension than compression. The same re-
sult was later found by other authors [VAID et al., 
1990; VAID et al., 1995; RIEMER et al., 1997]. On the 
other hand, BEEN et al. [1991], found that sand 
exhibits the same CSL trace when subjected to tri-
axial compression and extension in undrained con-
ditions. YOSHIMINE and KATAOKA [2007] confirmed 
such findings in unusual triaxial tests at constant 
deviator stress.

Starting from these premises, the present study 
aims to clarify the role of strain localization and loa-
ding direction on the CSL of sand by combining the 
usual phenomenological approach with a particle-
scale investigation.

The experimental campaign includes axisymme-
tric compression and extension tests and has been 
initially carried out on two materials: a natural sand 
and a steel sphere assembly, by analysing the results 
in the framework of the element test, subsequently 
for a deeper understanding of the experimental evi-
dences found out with the first approach, a second 
sand has been tested in an x-ray scanner aiming to 
study the evolution of the full strain field during the 
specimen’s deformation.

Macroscopic observation 

The experimental program consists of several 
triaxial tests performed in the laboratory of the Uni-
versity of Cassino and Southern Lazio (Italy). Tests 
were performed on cylindrical specimens at control-
led strain rate 5 hr)( /%a

· ≈� . In order to reach a loose 
state, the material was pluviated into the mold in dry 
conditions. Since the measurement of volume chan-
ges is particularly important for determining void ra-
tio changes, particular care was given in controlling 
the sample saturation. Carbon dioxide and de-aired 
and demineralized water were subsequently injected 
from the bottom of the sample to fully saturate the 
sample. For the same reason, the pore pressure was 
intentionally kept at high values (200 to 300kPa) du-
ring the whole test in order to shrink possible air 
bubbles. The combination of all these measures pro-

vides Skempton B values ranging between 0.94 and 
0.98 at the beginning of tests. Before shearing, sam-
ples were subjected to isotropic compression at varia-
ble mean effective stresses (from 50 to 700kPa accor-
ding to the capabilities of the adopted equipment). 
Shearing was then performed up to very large strains, 
carefully monitoring the shape of the samples throu-
ghout the test.

Two materials were tested: an angular quartzitic 
mica sand (Fig. 1) characterized by a coefficient of 
uniformity of 1.60 (Fig. 2), and an assembly of ste-
el spheres which are in fact industrial ball bearings, 
with 3mm diameter (given with 10 µm precision). In 
this study, steel spheres are considered as a referen-
ce material, since any possible inherent anisotropy 
of the material can be excluded.

For both materials, cylindrical samples with 70 
mm diameter and 140mm height were created. The 
initial mean effective stress and void ratio of the sam-
ples are listed together with the stress path followed 
(constant confining σ’h or mean effective stress p’) 
in table I. It is recalled that, for all tests, void ratio 
was estimated after preparation of dry samples and 
that possible changes occurring during the subse-
quent saturation (see for instance VAID and SIVATHA-
YALAN, 1996) were neglected. However, the error is 
the same for compression and extension tests and so 
its effect on the differences between the two tests is 
negligible.

 The CSL is defined as the state where material 
continuously deforms without any change in volume 
and stresses, but reaching this state is far from imme-
diate. In fact, reaching this steady state requires very 
large distortional strains, which can test the limits of 
the instrumentation. Additionally, at this state sam-
ples lose their initial cylindrical shape and quantifi-
cation of strain or stress becomes largely uncertain 
[RIEMER et al., 1997].

Fig. 1 – SEM image of Fossanova S3 [IOLLI et al., 2015].
Fig. 1 – Scansione al microscopio elettronico della sabbia di Fossa-
nova S3 [IOLLI et al., 2015].
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Triaxial compression

The above arguments can be immediately se-
en from the triaxial compression tests shown in the 
graphs in figure 3, where the results obtained on the 
Fossanova S3 sand are shown in the classical stress 
and strain invariants plot [MODONI et al., 2011]. The 
two tests have been conducted at the same confining 
stress (50kPa), but in one case dry material was plu-
viated in the mold to produce a relatively large initial 
void ratio (eo=0.744), and in the other, the material 
was tapped with a controlled energy to reach a den-
ser initial state (eo=0.510).

Apart from obvious differences in terms of 
stiffness, strength and dilatancy between the two 
tests, it is worth focusing on the response at large 

strains. The looser sample (FCL50) exhibits a rather 
continuous and smooth trend throughout the test, 
with almost no peak deviator stress and a modera-
te dilatancy. The denser sample (FCD50) shows an 
abrupt decay of deviator stress after peak, and a lar-
ge dilatancy at the peak. At a deviatoric strain slightly 

ID Initial p’ (kPa) Stress path e0 ID Initial p’ (kPa) Stress path e0

FCD50
50 εa>0 – const. σ’r 

0.510 SC50 50.40 εa>0 – const σ’r 0.649

FCL50 0.744 SEP100 110.20 εa<0 – const p’ 0.640

FCD100

100

εa>0 – const σ’r
0.512 SC200 201.67 εa>0 – const σ’r 0.624

FCL100 0.689 SE200 204.37 εa<0 – const σ’r 0.640

FED100
εa>0 – const σ’r

0.514 SC350 356.43 εa>0 – const σ’r 0.620

FEL100 0.730 SE350 366.53 εa<0 – const σ’r 0.630

FCD200 200 εa>0 – const σ’r 0.521 SCP400 409.73 εa>0 – const p’ 0.620

FCD400

400

εa>0 – const σ’r
0.522 SE400 362.07 εa<0 const σ’r 0.640

FCL400 0.695 SEP400 412.43 εa<0 – const p’ 0.626

FED400
εa<0 – const σ’r

0.528 SC500 499.03 εa>0 – const σ’r 0.630

FEL400 0.691 SE500 431.77 εa<0 – const σ’r 0.620

FCD700
700

εa>0 – const σ’r 0.547 SCP600 583.27 εa>0 - const p’ 0.610

FEL700 εa<0 – const σ’r 0.676 SE600 604.37 εa<0 – const σ’r 0.620

Tab. I – Experimental program (εa axial strain; σ’r radial effective stress) on Fossanova S3 sand (left) and steel spheres (right).
Tab. 1 – Programma sperimentale (εa deformazione assiale; σ’r tensione efficace radiale) sulla sabbia di Fossanova S3 (sinistra) e sulle sfe-
re in acciaio (destra).

Fig. 2 – Grain size distributions of the materials tested in 
the whole experimental campaign.
Fig. 2 – Curve granulometriche dei materiali testati nell’ambito 
dell’intera campagna sperimentale.

Fig. 3 – Triaxial test results on the Fossanova sand com-
pacted at different initial void ratios.
Fig. 3 – Risultati delle prove triassiali sulla sabbia di Fossanova 
compattata a differenti indici dei vuoti iniziali.
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lower than 10%, a sudden change of rate is noticed 
on both the q-εq and εv-εq curves. The pictures of the 
two samples (bottom in Fig. 3) show a significant dif-
ference between the two tests, with the dense sample 
having an externally visible shear band. In the pre-
sence of shear banding, strain concentrates and the 
majority of the sample’s volume stops straining. As a 
result, the attainment of a possible critical state con-
dition throughout the sample is prevented and the 
assumption that specimen behaves as a single homo-
geneous element is violated.

On the contrary, the looser sample deforms mo-
re homogenously, ending in the classical barrel sha-
pe. Even if also in this second case the sample’s sha-
pe is not cylindrical, the regularity of the soil respon-
se, without abrupt changes, makes the assumption of 
homogeneity more acceptable.

These observations have a direct implication on 
the positioning of the CSL trace in the e-p’ plane, 
shown in figure 4. Here, the evolution of the volu-
metric state of samples compacted at different initial 
densities and sheared at different confining stresses 
are compared. It is easy to see that the CSL can be po-
sitioned with relatively limited uncertainty based on 
the results of tests performed on looser materials at 
relatively high confining stresses, i.e. on the materials 
whose initial volumetric state starts not far from CSL.

In this case, even if a steady state is not wholly 
reached, the rate of volume change at the end of the 
tests is small. The path of samples whose state starts 
far below the CSL ends well before reaching any pos-
sible steady condition, preventing these tests to be 
used for the CSL determination.

Additionally, the CSL trace in the e-p’ plot 
should be determined from contractive and dilati-
ve samples, i.e. materials reaching critical state from 
both the upper and lower sides, but this occurren-
ce is obviously conditioned by the capability of ge-
nerating looser-than-CSL states. This condition can 

be obtained for the Fossanova sand (Fig. 4a), but 
not for the steel spheres (Fig. 4b) where the self-
weight of particles and the limited resistance offered 
to compaction prevents the preparation of sufficien-
tly loose samples. However, the CSL position can be 
readily defined considering the limited dilative ten-
dency shown by the samples at the end of tests.

In the above two cases, the typical decay of void 
ratio with mean effective stress is observed, even thou-
gh the rate is much lower for the steel spheres. In 
other words, the regular shape and the high stiffness 
of particles make the rearrangement of particles at 
critical state quite insensitive to the applied stress.

The determination of the CSL in the stress in-
variant plane requires the evaluation of the critical 
stress ratio (Eq. 1) which, due to the above limita-
tions, can be somewhat problematic. This estima-
tion has been accomplished herein by considering 
all tests and extrapolating the results obtained at re-
latively small strains, i.e. before the occurrence of di-
scontinuities. Figure 3 shows that samples, indepen-
dently of the density of their initial state, undergo 
initial contraction then tend to dilate reaching a pe-
ak followed by softening.

At the maximum contraction, the volume chan-
ge rate is nil, similarly to what happens at critical sta-
te, and this occurrence would suggest the estimation 
of the stress state at this moment as representative of 
the CS, although shearing has clearly not reached a 
steady state. In fact, experimental data obtained on 
sands [NEGUSSEY et al., 1988] or gravels [FLORA et al., 
1998], have shown that the stress ratio at the maxi-
mum contraction point is not unique, but depends 
on the combination between applied mean effective 
stress and void ratio.

This observation can be justified considering 
the balance between input and dissipated energy 
[TAYLOR, 1956]. In general, the work done on a unit 
soil volume by the applied stresses is partly stored 

Fig. 4 – Experimental determination of CSL trace in the e-p’ plane for the Fossanova S3 sand a) and for the steel spheres as-
sembly, b). 
Fig. 4 – Identificazione della CSL nel piano e-p’ per la sabbia di Fossanova S3 a) e per le sfere d’acciaio, b).
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as elastic energy and partly spent to produce plastic 
strains. After decoupling these two components, the 
plastic work can be defined as follows:

 δΦp=p’δεp
p + qδεq

q (Eq. 3)

where δεp
p and δεp

q respectively represent the plastic 
component of the volumetric and distortional strain, 
p’ and q the well known isotropic and deviatoric 
stress invariants. Manipulating this equation gives:

 
1

D
Φ
δε ηp'

= +pq

p
p (Eq. 4)

where η is the invariant stress ratio, Dp the plastic 
dilatancy and  the energy dissipation rate produced 
while shearing. Since, for denser soils tested at rela-
tively low confining stresses, the zero dilatancy con-
dition (Dp=0) occurs at relatively limited strains (see 
for instance Fig. 3), where the dissipation of ener-
gy is lower compared to the CS, the corresponding 
stress ratios at these two conditions (respectively hmc 
and M) are different and hmc can be seen as a lower 
bound for the estimate of M.

On the other side, the peak stress ratio represents 
the upper bound for the determination of M, with 
the difference again controlled by the combination of 
the current void ratio and mean effective stress. The 
coupled effect of these factors is traditionally quanti-
fied via the following state variable, introduced by JEF-
FERIES [1993] and adopted by many authors:

 ψ=e – ecs (Eq. 5)

where e and ecs represent the current void ratio and 
its corresponding value at critical state (for the sa-
me p’).

Figure 5 shows that the estimation of M with the 
proposed procedures is accomplished with limited 

uncertainty and that the resistance of the steel sphe-
res is much lower than for natural soils. This result 
obviously depends on the different skin friction and 
shape of particles, the latter enhancing rolling inste-
ad of sliding mecha nisms.

Triaxial extension vs compression

The above procedure has been repeated for tria-
xial extension tests. Again, the projection of the CSL 
in the volumetric plane (e-p’) is firstly determined 
(Fig. 6), then the stress ratio at maximum contrac-
tion and peak is reported as a function of the current 
state variable ψ (Fi g. 7).

The comparison among the different tests shows 
that both the natural soil and the artificial assembly, 
when undergoing triaxial extension, head to a criti-
cal state curve located below the one found with tria-
xial compression tests. It is particularly worth noting 
that the occurrence of this phenomenon on the steel 
spheres indicates a limited role of the inherent ani-
sotropy of particles. This observation is not trivial, 
since previous studies (e.g. NAKATA et al., 1998; YOSHI-
MINE et al., 1998) attributed some role to the shape of 
grains, supposing that it could produce a preferen-
tial orientation of the soil fabric during deposition 
and that this effect persists during subsequent shea-
ring. Confirming the same result on the steel spheres 
allows this cause to be excluded. In fact, even though 
deposition in the gravitational field could produce 
an initial preferential orientation of contacts, this ef-
fect is certainly erased by the subsequent loading up 
to large isotropic stresses.

A second and not less important aspect con-
cerns the strength at critical state. The compari-
son between the critical stress ratios reveals that a 
unique value of M cannot be inferred, but a me-

Fig. 5 – Peak and maximum contraction stress ratios reported versus the current state variable ψ for the Fossanova S3 sand 
a) and for the steel spheres assembly b).
Fig. 5 – Stress-ratio di picco e di massima contrazione riportati in funzione della variabile di stato ψ per la sabbia di Fossanova S3 a) e per 
le sfere d’acciaio b).
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aningful difference occurs between compressional 
(σ’1>σ’2=σ’3) and extensional (σ’1=σ’2>σ’3) stress 
states. Knowing that the relationship between stress 
ratio and friction angle is different for these two sta-
tes (Eq. 6), the comparison was then attempted on 
the friction angle (Tab. II), but still some differen-
ce is observed between compression and extension.

 

arcsin com3M
com6+M

ϕ' =com

arcsin ext3M
ext6–M

ϕ' =ext

 (Eq. 6)

The comparison was then made computing the 
strength variables defined by the LADE and DUNCAN, 
[1975] (Eq. 7) and by MATSUOKA and NAKAI, [1982] 
(Eq. 8) failure criteria:

 

σLD 2= +
com 1' σ 3'

σ +1' σ 2
3'

σLD 2= +
ext 1' σ 3'

σ +' σ 3
2
1 '

 (Eq. 7)

 

σMN ( )2= +com 1' σ 1'σ 3' σ( )2+1' σ 3'2
3

σ 1'σ( )2+1' σ 3'2
1σMN ( )2= +ext 1' σ 3'

σ +1' σ 2
3'

σ +' σ 3
2
1 '

 (Eq. 8)

The results are shown in (Tab. II). The much low-
er difference between the values of the stress varia-
bles at critical state for compression and extension 
supports the idea that these two criteria provide a 
more general definition of soil failure at critical state, 
being able to account for the different stress p aths.

Experimental study at the particle scale

Aiming to infer a correlation between the abo-
ve noticed response and the deformation mechani-
sms taking place within the samples, the strain field 
within small specimens of sand was measured with 
x-ray tomography and Digital Image Correlation 
(DIC) to investigate the deformation mechanisms in 
compression and in extension.

Fig. 6 – Determination of the projection in the volumetric plane of the CSL from extension tests a) Fossanova S3 sand; b) 
Steel spheres).
Fig. 6 – Identificazione della CSL nel piano volumetrico per le prove in estensione a) sabbia di Fossanova S3; b) sfere d’acciaio.

Fig. 7 – Determination of the critical stress ratio M for extension tests: a) Fossanova sand; b) steel spheres).
Fig. 7 – Identificazione dello stress-ratio critico M per le prove in estensione: a) sabbia di Fossanova S3; b) sfere d’acciaio).
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The triaxial apparatus in the x-ray CT scanner 
of Laboratoire 3SR of Grenoble (Fig. 8) is designed to 
test small cylindrical specimens (11x22mm) with an 
applied confining pressure and under axial displa-
cement control. The small size of the sample results 
from the trade-off between mechanical representa-
tiveness of the specimen and the spatial resolution 
of the acquired 3D images x-ray tomography. In this 
case the small specimen selected allows individual 
grains to be identi fied.

The material used for this further study is Ho-
stun sand H31, a siliceous sand with a coefficient of 
uniformity of 1.43 (Fig. 2) characterized by angular 
grains (Fig . 9).

Each tested specimen is prepared by dry pluvia-
tion through a 1m plastic tube into a latex membra-
ne stretched in a mould.

A previously performed experimental campaign, 
carried out on the same material by using the same 
testing apparatus, but restricted to triaxial compres-
sion [ALIKARAMI et al., 2015] has been extended with 
further tests performed in triaxial extension, as re-
ported in table  III.

During each test, several 3D grey-scale images 
of the specimen are acquired at the end of loading 
steps performed at a constant rate of axial shorte-
ning of 21µm/min.

When an image of the specimen is required, 
the axial displacement is kept constant and by ful-
ly rotating the triaxial apparatus around its vertical 
axis, step by step, 1024 x-ray radiographs are acqui-
red with a pixel size of 20µm/px obtained by adju-
sting the relative distance between x-ray source, sam-
ple and detector.

Very briefly, the x-ray attenuation field of the sam-
ple is summed along all the rays leaving the source 
and interacting with the detector. The resulting ra-
diography is therefore a projection of the x-ray atte-
nuation field, which is roughly proportional to the 
field of density. The 3D x-ray attenuation field is recon-
structed by inverse analysis from the 1024 radiographs 
using the Radon transform [RADON, 1986]. This 3D 
field is discretised into 3D pixels known as voxels.

M ϕ’ LD MN

Fossanova
sand S3

Compres-
sion

1.46 36.0 51.92 13.21

Extension 1.05 39.6 49.38 14.44

Steel
spheres

Compres-
sion

0.90 23.0 34.44 10.45

Extension 0.74 25.0 34.29 10.73

Tab. II – Critical strength parameters obtained from com-
pression and extension tests.
Tab. II – Parametri di resistenza di stato critico ottenuti dalle 
prove in compressione ed estensione.

Fig. 8 – Experimental setup into the x-ray tomograph.
Fig. 8 – Apparato sperimentale nel tomografo ai raggi x.

Fig. 9 – SEM images of Hostun H31 sand [ALIKARAMI et al., 
2015].
Fig. 9 – Scansione al microscopio elettronico della sabbia di 
Hostun H31 [ALIKARAMI et al., 2015].

ID Initial p’ (kPa) Stress path e0

HNEA01 100

εa>0 – const. 
σ’r 

0.61

HHEA05 1000 0.53

HHEA04 2000 0.54

HHEA06 3000 0.52

HHEA02 4000 0.53

HHEA01 7000 0.51

HNEES02 100 0.68

HNEES01 430 εa<0 – const. 
σ’r

0.70

HHEES01 1000 0.68

HHEES02 3000 0.64

Tab. III – Experimental program performed on the Ho-
stun H31 sand.
Tab. III – Programma sperimentale sulla sabbia di Hostun H31.
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The stress strain response for compression and 
extension tests, respectively shown in figure 10 and 
figure 11, presents stress relaxation during each x-
ray scan. In accordance with previous studies, for 
both the loading paths, the increasing confinement 
produces a transition from a brittle-dilatant to a duc-
tile-contractive resp onse.

As for the previous experimental campaign, the 
critical stress ratio has been determined in compres-
sion and extension for Hostun sand referring to the 
η-ψ plot as the separation value between the points 
corresponding to the peak and maximum contrac-
tion state for each test (Fig. 12). Again, the material 
shows a lower critical state value in extension than in 
compression.

Digital image analysis

In this particular study the software TomoWarp2 
[TUDISCO et al., 2017] has been used to measure a di-
splacement field, from which a strain field is subse-
quently obtained. Displacements are measured on a 
regular 3D grid with 200µm spacing. Every point on 
the grid is represented by a 540x540x540µm cube ex-
tracted from the reference x-ray image, whose best 
match is searched for in the next image. The Green 
Lagrange strain tensor is evaluated in the hypothesis 
of large strains by computing the derivatives of polyno-
mial functions fitting the measured displacement field.

In figure 13, the incremental field of the se-
cond invariant of the strain tensor (Eq. 9), the maxi-
mum shear strain field, is reported for the two tests 
HNEES02 and HHEES02, performed at 100kPa and 
3000kPa of confinement, respectively.

( )22
2

xxI
1
3

= – +ε yyε ( )2 2
xx– +ε zzε + ( )2 32 2

yy–ε zz xyε ε +3 2
xzε + 3 2

yzε  (Eq. 9)

In the test performed at lower confinement 
(HNEES02), strain localization starts early in the test 
and evolves towards a triple butterfly-shaped pattern 
of shear bands – a good example of a highly locali-
zed strain field with little change of external shape 
of the specimen.

Similar conclusions may be drawn from DESRUES 
[2004], where the author by performing a triaxial 
test on Hostun sand H31 at 60kPa of confinement 
into an x-ray scanner, shows that the barrel shape 
commonly assumed by the specimen in axisymme-
tric compression conditions is in reality the result of 
a complex inner pattern of strain localizations.

In the test carried out at higher confining pres-
sure (HHEES02), the incremental maximum shear 
strain field reveals an initial stretching step (εa=0÷-
1%) in which the specimen undergoes a quite uni-
form deformation, followed by the appearance of 
strain localization in the upper part of the specimen. 
Different parts of the sample shear until the speci-
men fails by necking at the bottom.

For the sake of clarity, in figure 14 the results 
in terms of second invariant of the strain field are 
reported for two triaxial compression tests coming 
from ALIKARAMI et al. [2015]. Both test HNEA01 and 
HHEA06, carried out at the same confinement pres-
sure of the two previously described (100 and 3000 
kPa), show a highly localized strain field ending up 
in narrow shear bands. The sample shears almost 
exclusively in this zone, while the remaining parts re-
main almost inac  tive.

The porosity field of the specimens for each lo-
ading step has been obtained from the 3D greyscale 
images by following a well-established procedure in 
Laboratoire 3SR. Initially the two grey-value threshold 
levels are set to identify grains and voids in the ima-
ge by averaging a large number of measurements 
made on small selections of solid and void in the 
image. As before a grid of measurement points with 

Fig. 10 – Triaxial compression tests on Hostun H31 sand 
(modified from ALIKARAMI et al., 2015).
Fig. 10 – Prove triassiali di compressione sulla sabbia di Hostun 
H31(modificata da ALIKARAMI et al., 2015).

Fig. 11 – Triaxial extension tests on Hostun H31 sand.
Fig. 11 – Prove triassiali di estensione sulla sabbia di Hostun 
H31.
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Fig. 12 – Determination of the critical stress ratio M for Hostun Sand: a) compression; b) extension.
Fig. 12 – Identificazione dello stress-ratio critico M per la sabbia di Hostun: a) compressione; b) estensione.

Fig. 13 – Maximum shear and porosity fields for the tests HNEES02 and HHEES02 [SALVATORE et al., 2016b].
Fig. 13 – Campo del taglio massimo e di porosità per le prove HNEES02 e HHEES02 [SALVATORE et al., 2016b].
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200µm spacing is defined. Around each measure-
ment point, a 900µm cubic subvolume is considered. 
In each subvolume, porosity is calculated directly on 
the greyscale values, considering that voxels with va-
lues of the pore or below represent a 100% contribu-
tion to porosity, those with the value of the grain or 
above represent a contribution of 0% and values in 
between are linearly interpolated.

Vertical slices through 3D porosity maps at the 
end of each loading step are reported in figure 13 
together with the evolution of the incremental maxi-
mum shear strain fields. The porosity maps suggest 
that for both tests, porosity changes are essentially 
restricted to the zones in which strain is localized.

The results of the tests have been interpreted 
from the critical state point of view by locally com-
puting the porosity in the most deforming zones of 
the specimens. In particular, for each test the last lo-
ading step has been considered and the measuring 
volume has been determined with reference to the 
maximum shear strain field since the voxels showing 
a value higher than the mean plus the standard de-
viation of the statistical distribution, as illustrated in 
figure 15 for test HNEE S02. 

Figure 16 compares the e-p’ curves obtained with 
local and global (macroscopic) measurements of po-
rosity. As already observed for Fossanova S3 sand and 
the steel spheres, by globally computing the porosi-
ty of the specimens, the results suggest a stress path 
dependence of the critical state of sand. On the con-
trary, when porosity is computed locally into the vo-
lume in which strain localizes the critical state points 
tend to a unique align ment.

In the light of this experimental evidence, it is cle-
ar that the determination of the critical state parame-
ters from macroscopic measurements of void ratio is a 
strong simplification of its heterogeneous distribution 
within the sample. CASTRO [1969] suggests to deter-
mine the critical state parameters of sand only based 
on undrained tests on loose samples, claiming that in 

this condition strain is homogeneous within the spe-
cimen. However, ODA and KAZAMA [1998] show (with 
x-ray radiography) the existence of preferential she-
ar planes within the sample even in these conditions.

In the presence of heterogeneity, a complete 
model calibration could be performed by simulating 
the entire triaxial test (taking into account the ac-
tual boundary conditions, initial conditions) thus al-
lowing strain localization to emerge.

In order not to be limited to monotonic loading 
paths, the test HNCYES01 was performed on a spe-
cimen of Hostun H31 sand having initial void ratio 
equal to 0.62 and confining stress equal to 430kPa, 
alternating triaxial compression and extension.

Figure 17 reports the stress-strain response of the 
specimen and the evolution of the incremental ma-

Fig. 14 – Maximum shear field for tests HNEA01 and 
HHEA06 [ALIKARAMI et al., 2015].
Fig. 14 – Campo del taglio massimo per le prove HNEA01 e 
HHEA06 [ALIKARAMI et al., 2015].

Fig. 15 – Map and statistical distribution of the distortional 
strains a) and void ratio b) in the last step of the HNEES02 
test (triaxial extension) with selected zones in the porosity 
field highlighted in grey.
Fig. 15 – Mappa e distribuzione statistica del taglio massimo a) e 
dell’indice dei vuoti b) nell’ultimo gradino di carico per la prova 
HNEES02 (estensione triassiale). Le regioni selezionate per la mi-
sura della porosità sono evidenziate in grigio.

Fig. 16 – Representation of the volumetric state at the end 
of compression and extension tests.
Fig. 16 – Rappresentazione dello stato critico volumetrico per le 
prove triassiali di compressione ed estensione.
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Fig. 17 – Macroscopic stress-strain response and incremental maximum shear strain field of the cyclic test HNCYES01 (mod-
ified from SALVATORE et al., 2016a).
Fig. 17 – Risposta tenso-deformativa ed il campo incrementale del taglio massimo della prova HNCYES01 (modificato da SALVATORE et al., 
2016a).
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ximum shear strain field. The test starts with triaxial 
extension up to εa

(2)=-0.08% and εa
(3)=-0.13% where 

tomography is performed. While in the first step εa
(1-

2), the shear strain field is quite homogeneous, in the 
second step εa

(2-3) localization starts to develop from 
the lower base and a shear plane inclined of about 
35° from the horizontal plane is formed.

After the first strain reversal, three tomographic 
scans are performed at respectively εa

(4)=0.64%, 
(5)1.65% and (6)2.65%. While the first step produces 
a deformation mechanism essentially located in the 
same plane orientation previously triggered during 
extension, the subsequent two loading steps activate 
different patterns extending within the sample with 
higher inclination over the horizontal plane (betwe-
en 44° and 47°, the former inclination was 35°). Ad-
ditionally, the friction at the end ceramic platens 
produces two progressively more clear rigid wedges 
protruding into the sample.

The maximum shear strain field after the load-
ing reversal is detected with tomographic scans at 
εa

(7)=1.90%, (8)-0.10, (9)-1.1% and (10)-2.10%. As be-
fore, localization immediately after reversal takes 
place along the same shear bands triggered in com-
pression and in the subsequent loading steps becomes 
less inclined, as is typical of extension. The same defor-
mation mechanism is triggered by the further loading 
reversals. In conclusion, there is an alternated trig-
gering of shear planes dictated by the combination 
of strain path and boundary conditions. The transi-
tion from one to the other orientation is not imme-
diate after loading reversal, being the shear strain im-
mediately before and after inversion concentrated on 
the same planes, and changing rather smoothly with 
the increase of strains. The newly formed localization 
pattern co-exist with the previous one until the stress-
strain curve shows a pronounced curvature. Thereaf-
ter the change from one mechanism to the other is 
complete and the previous localization pattern disap-
pears. It is interesting to note that the same transition 
occurs on the wedges formed near the end platens.

The above effects have a noticeable implication 
on the hardening rules adopted to model the soil 
behaviour. The stress-strain response is in fact dic-
tated by two different localization mechanisms, one 
for compression the other for extension, activated 
singularly upon first loading. After reversal from one 
loading direction, e.g. compression, the extension 
mechanism immediately activates, but the deforma-
tion mobilised on the correspondent plane is still ne-
gligible compared with the one determined by unlo-
ading on the compression plane. This situation per-
sists, and stress-strain curve is relatively steep until 
the shear strain on the extension plane starts to pre-
vail. Since during initial compression, the deforma-
tion on the extension shear planes is minimal, it is 
logical to assume that it is nil at the loading reversal 
and starts to grow from this point on. This condition 

implies a forward shifting of the backbone curve for 
extension, similar to the one introduced with a drag 
rule by TATSUOKA et al. [1974].

Conclusions

This paper has investigated the pertinence of 
the triaxial test for the measurement of critical state 
parameters. Traditionally, the CSL trace in the e-p’ 
plane is identified by means of triaxial compression 
tests performed on loose specimens in undrained 
conditions and high confinement pressure [CASTRO, 
1969], then the resulting parameters are extended to 
more general loading conditions [GAJO et al., 1999]. 
Alternatively a stress path dependency is taken into 
account by introducing an evolving fabric tensor [Li 
et al., 2011] to account for the anisotropy induced 
by particles shape and gravitational deposition. The 
tests herein performed show that all granular mate-
rials, including the steel spheres subjected to initial 
high isotropic stresses (i.e. not suspected of any ani-
sotropy), tend to different steady state volumes when 
sheared in triaxial compression and extension, thus 
suggesting that this effect cannot be (at least fully) 
related to the above-mentioned anisotropy factors.

The full-field measurements of strain reveals that 
samples of soil sheared in triaxial conditions under-
go strain concentration within limited portions of 
the sample. The localization patterns strongly de-
pend on the stress path, determining a different in-
teraction of the soil with the rigid frictional platens 
in compression and extension. Therefore, the diffe-
rent final states are the effect of strain localization, 
with the consequence that usual representation of 
critical state obtained with triaxial tests can be lar-
gely misleading. However, as already known, the cri-
tical state may be reached within shear bands.

In this sense, critical state is a persistent (sta-
ble) condition to which the soil tends locally when 
sheared at large strains, and might be seen as resul-
ting from a combination of soil heterogeneity and 
response to loading conditions. Supporting this re-
sult, recent numerical studies based on DEM simula-
tions (e.g. FU and DAFALIAS, 2011; KUHN, 2016) show 
that microscale quantities (e.g. coordination num-
ber, orientation of contacts) also tend to reach a ste-
ady condition.

As a conclusion, the existence of a critical state 
postulated by CASAGRANDE [1936] holds true even in 
triaxial tests, but the measurement with traditional 
equipment, giving global estimates throughout the 
sample is problematic. The error is intolerable when 
deformation is not homogeneous within the sample, 
e.g., for triaxial extension or for triaxial compression 
test on dense samples at low confinement stress, whi-
le is less relevant for undrained triaxial tests on loose 
samples as suggested by CASTRO [1969]. Future work 
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aims to apply x-ray tomography to tests performed 
in these conditions, which is the “industry standard”.

The triaxial cyclic test shows that rotation of prin-
cipal stress directions leads to preferential shear ban-
ds with different inclinations. The transition between 
the two patterns of localization triggered by load re-
versal starts with a first phase in which strain remains 
concentrated in the previously activated bands. Subse-
quently a phase of coexistence between the strain lo-
calization patterns belonging to both compression 
and extension occurs. Finally, with increased defor-
mation, the new localization pattern develops and the 
previous one is erased. Thereafter shear planes chan-
ge their orientation according to the new loading di-
rection. The obtained experimental results show that 
yielding of granular materials follows different rules in 
compression and extension supporting the directional 
independency of yielding postulated in many studies.

As a practical consequence of this study, it is pro-
posed to consider critical state as a material proper-
ty, i.e. independent of the loading condition and to 
perform calibration of constitutive models by con-
sidering the laboratory samples as a small-scale mo-
del, introducing appropriate boundary conditions 
and not as a material element.
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Effetto della localizzazione delle 
deformazioni sul comportamento di 
materiali granulari sottoposti a prove 
triassiali monotoniche e cicliche

Sommario

Il presente articolo analizza l’influenza della localizzazione delle 
deformazioni sulla determinazione dello Stato Critico delle sabbie per 
mezzo di prove triassiali di laboratorio. Allo scopo, è stata realizzata 
un’ampia campagna sperimentale su tre differenti materiali 
granulari: due sabbie silicee uniformi e delle sfere in acciaio, 
testati in condizioni assialsimmetriche. Lo studio è strutturato in 
due parti, la prima mostra i risultati provenienti da una classica 
analisi fenomenologica di prove triassiali in compressione ed 
estensione convenzionali, la seconda riporta gli esiti di un’analisi 
alla scala del grano di prove dello stesso tipo, ma eseguite all’interno 
di un tomografo ai raggi-x con successiva analisi digitale delle 
immagini mediante DIC e misure del campo di porosità. I risultati 
confermano la naturale tendenza dei mezzi granulari a concentrare 
le deformazioni in ristrette porzioni del materiale, anche quando 
l’aspetto esteriormente uniforme dei campioni suggerirebbe una 
deformazione omogenea. Tale fenomeno produce importanti 
ripercussioni nella deduzione dei parametri di stato critico da prove 
triassiali convenzionali. Infatti, mentre l’approccio macroscopico 
evidenzia una chiara dipendenza dell’indice dei vuoti critico dal 
percorso di carico, misurando localmente la porosità laddove si 
concentrano le deformazioni si ottiene un unico luogo di stato 
critico. L’analisi del campo di deformazione, estesa in campo ciclico 
alternando percorsi di compressione ed estensione, mostra il ruolo 
delle direzioni principali di tensione nel meccanismo di snervamento 
del materiale e la netta transizione da uno schema di deformazione 
all’altro prodotta dall’inversione del carico.


