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Summary
The paper presents a study on the stress variables for the constitutive modelling of unsaturated soils. In the last years, the
scientific literature has provided some reviews on the unsaturated soil constitutive modelling but these papers have been focused mainly on the comparison between the different approaches. The aim of the present paper is slightly different and it
wants to give new argumentations on the debate. The discussion will be supported by two simulations of experimental data in
literature. The adopted model for the theoretical investigation is the extension of the elastoplastic modified Cam clay model to
the range of negative pressure TAMAGNINI [2000]. The presented model is based on the use of an ’effective’ stress that accounts
for the volume fractions of the saturating fluids (Bishop’s stress like formualation) in contrast with the classic constitutive assumptions (bitensorial approach) The discussion is developed within the framework of Thermodynamics. The use of the Legendre transform in the resolution of the differential equations allows to obtain a quadratic form of the free energy of the skeleton. The resulting thermodynamically based stress is able to predict a stationary value for the rate of the free energy and for
the Gibbs potential of fluids during constant volume (referring to the solid matrix) swelling tests. The obtained condition could
be considered as a rational definition of the effective stress principle for unsaturated soils (i.e. for no change in the stress field
there are no change in the skeleton volume). This result overcomes previous theoretical discussions about the limitation of the
Bishop’s stress when it is combined with an appropriate hardening law.

Introduction
Soils mechanics generally refers to saturated
soils and it studies the behaviour of two-phase granular materials in which the voids are completely
filled by only one fluid, which is generally the water.
Under this condition, many experimental and theoretical works have verified the effective stress principle proposed by TERZAGHI [1946]. This postulate
underlines the great importance that the fluid plays
on the mechanical behaviours of soils and porous
rocks. The Terzaghi postulate states that:
“All measurable effects of a change of stress, such as
compression, distortion and a changing of shearing resistance are exclusively due to changes in effective stress”.
Bishop proposed to extend this fundamental
constitutive assumption to the partial saturation condition, in which there are two fluid phases. His formulation has been done in the middle of the nineteenth century [BISHOP, 1956]. The validity of the
Bishop proposal was questioned by JENNINGS and
BURLAND [1963] adopting a phenomenological questioning approach. Their arguments are based on
some oedometer tests. In these tests unsaturated silty
and sandy samples have shown collapse during soaking. The conclusion by the authors was that a wetting
path should be necessarily related to a swelling of the
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sample if the behaviour was controlled by the stress
proposed by Bishop; on the other hand, they recorded a shrinkage. This conclusion has leaded to
the adoption of two independent stress variables for
describing experimental results and after the development of the state surface concept by MATYAS and
RADHAKRISHNA [1968] the first elastoplastic constitutive equation for unsaturated soils has been presented by ALONSO et al. [1990]. This model is based on
the assumption that soils behaviour can be modelled
by two independent stress tensors that are: a second
order symmetric tensor called net stress (i.e. the difference between the total stress and air pressure) and
the isotropic stress tensor called suction (i.e. the difference between air and water pressure).
At the end of the years ’80 and in the ’90,
unsaturated soils mechanics has been investigated
by many researchers from different scientific fields
adopting Thermodynamics. As regards hydrology,
the works of H ASSANIZADEH and G RAY [1990] and
GRAY and HASSANZADEH [1993] have described the
multiphase continua aiming to the study of the
interface energy. Their work is manly concerned
with the derivation of constitutive relations for the
well-known phenomenon of hydraulic hysteresis.
L EWIS and S CHREFLER [1996] have adopted this
framework to model deforming porous partly saturated media. COUSSY [2004] has presented an extension of the Biot’s theory to the partially saturated
and partially saturated reactive soils. HUTTER et al.
[1999] have proposed the constitutive modelling of
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unsaturated viscoelastic materials adopting the
mixture theory and they have obtained an extension
of the effective stress for unsaturated soils that is
similar to the LEWIS and SCHREFLER [1996] formulation. The main conclusions from these thermodynamic formulations are: 1) a state variable defining
the stress can be obtained averaging the fluids pressures by the saturation degree and 2) hysteresis
could be due to the area of the interfaces between
the fluids. The stress variable is the state variable
that is coupled with the solid skeleton elastic strain
tensor. These works also suggest that the energy of
the interfaces plays an important role in the hydromechanical behaviour and these can be accounted
for with a capillary energy internal variable or
explicitly in the stress formulation as in C OUSSY
[2004]. As regards the constitutive modelling; an
interesting work is due to J OMMI and DI P RISCO
[1994]. They have modelled soils behaviour adopting the thermodynamic theory of HASSANIZADEH and
GRAY [1990] and they have formulated an interesting hardening law in which the role of interfaces
and capillary forces are modelled by the water saturation degree. The main conclusion by these
authors is that a stress similar to the ’Bishop stress’
can be consistently adopted in the modelling of
unsaturated collapsible soils with some advantages
such as: 1) a continuous transition between saturated and unsaturated condition 2) the non-linearity of the shear strength envelope with suction
increase 3) a reduction in the number of constitutive
parameters necessary to model the partial saturation effects. The model by these authors doesn’t
account for the hysteretic behaviours. Starting from
their work, T AMAGNINI [2004] has proposed an
extension of the modified Cam-clay and its numerical integration. Recently, many other authors, such
as for example SHENG et al. [2003] or GALLIPOLI et al.
[2003] have recognized the advantages of the
Bishop stress approach and they have mixed the
bitensorial constitutive modelling with the use of an
‘averaged stress tensor’ JOMMY [2000] that is the
Bishop stress tensor. There are many other papers
that could be mentioned about the discussion on the
Bishop stress but the aim of this paper is not to go
through again the history of the unsaturated constitutive modelling. The paper will show that the socalled Bishop stress is very effective during water
content changes ,on the other hand, the bitensorial
approach could not be.

Unsaturated soils as a three-phase open
continua
An averaged stress acting on the wall of the solid
matrix can be obtained following the work of COUSSY
[1994; 2004] and the expression of the effective

stress by, for example, HOULSBY [1997] or LEWIS AND
SCHREFLER [1996]. If the porous solid is filled by two
fluids : air (a) and water (w), the total mechanical
work on the skeleton can be expressed as:
(1)
in which the first term is the mechanical work done
by the total Cauchy stress σ on the total strain ε; the
second term is the opposite in sign of the work done
by the water pressure uw on the water volume fraction vw; the third term is the correspondent work on
the fluid air (a) fraction. Considering the relations:
(2)
deriving Equation (2) and introducing the results in
Equation (1), the following expression can be obtained:
(3)
This expressions explains that the total mechanical work in terms of Bishop stress implies an
amount of work depending on the rate of the saturation degree Sr. This amount has to be subtracted
from the first term in Equation (3). The result is due
to HOULSBY [1997]. Note also that the second term
in (3) is a mechanical work and it is not related to
wetability potential of the grains. This energy can be
introduced considering the system as an open system exchanging fluid volumes with the reservoir.
The Equation (3) reads:
(4)
In which μ represents the capillary forces. The
Equation (4) can be rearranged as:
(5)
This results has been obtained by COUSSY [2004],
in which s is the suction (the difference between the
pore air pressure and the pore water pressure). The
Equation (5) shows that the work done on the skeleton is composed of two terms. It is important to note
that the second term refers to the work done at constant solid skeleton volume as the first one is the
work done during deformation.

The thermodynamic definition of the effective
stress
Appling the Legendre transform to Equation
(5), as:
(6)
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in which U is the internal energy, T is the temperature, S is the entropy, transforming with the following function:
(7)
the following relation can be obtained for isothermal conditions:
(8)
that gives the expression of the free energy. The
free energy of the Equation (8) can be re-written:
(9)
in which the first term is the mechanical energy due
to the Bishop stress work and the second one is the
hydraulic part of the work done by the capillary
forces θ. The variables are then defined:
(11)

(16)
if only the Bishop stress without the coupling with
the capillary stress is taken into account. On the
other hand, if the capillary energy is introduced in
the system, Equation (16) reads:
(17)
De is the elastic strain tensor, αkl is a constitutive
parameter controlling the compaction of the solid
matrix during wetting and it is defined, in isotropic
condition, as:
(18)
in which K is the elastic bulk modulus and H is the
isotropic plastic modulus. Solving for the plastic
multiplier to obtain an expression of the plastic
strains and considering f as the classic ellipse of Cam
Clay; substitution in Equation (17) leads to:

The partial Legendre transform provides:

(19)
(12)

The free energy can be expressed as a quadratic
function of the two independent variables (in the
sake of simplicity we consider isotropic conditions):
(13)
In Equation (13) K,α and b are constitutive parameters. The variables read:

(14)

Equations (14) and (13) show that there is a
coupling between the effective stress and the law
that controls the water storage mechanism. This
coupling is defined by the Maxwell symmetry:
(15)

Constitutive equation
The extended modified Cam clay model by
TAMAGNINI [2004] is based on the stress variables in
Equations (8) and (12).
The rate equation can be written as:
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Note that the stress in (17) and in Equation (19)
is not the Bishop stress, intended as the stress containing the averaging of the fluid pressures [JOMMI,
2000] but it includes the interface energy and the
Gibbs free energy of the water. The Equation (19)
has been implemented in Abaqus by T AMAGNINI
[2000].

Numerical tests
Two different typical tests on the Boom clay are
reported in the following. The first one is a constant
volume swelling test and the second one is a wetting
– drying test with free swelling. The tests have been
performed by ROMERO [1999]. The first kind of test
is a swelling test during which the volume of the
sample is held constant. In the first simulation, the
focus is on the experimental data on the right hand
of Figure 1. Experimental data have been plotted in
terms of suction and net stress in Figure 1 [ROMERO,
1999]. Figure 2 reports the same test results (dots)
of Figure 1 (right hand data during the constant net
stress branch) using the averaged Bishop stress and
suction. The test is an oedometric test and the variation of the water content has produced a variation
of the deviator component of the computed stress as
reported in Figure 2. The figure 1 clearly shows that
the couple of stress (net mean stress and suction)
does not represent the correct formulation for the
effective stress in partly saturated soils. The volume
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Fig. 1 – Constant volume swelling test on the Boom clay,
data are reported in terms of suction and net stress [ROMERO, 1999].
Fig. 1 – Test di rigonfiamento a volume costante sulla Boom
clay, dati definiti in termini di tensione netta e suzione [ROMERO,
1999].

of the sample remains constant during the test but
the suction changes when the net stress is constant.
It is evident that the statement in the introduction
about the effective stress characteristics is not fulfilled. In other words, this important test reverses
the argumentation by FREDLUND and MORGENSTERN
[1977]: a change in suction and net stress have produced null strains on the sample. On the contrary,
the stress in Equations (14) and (19) has a stationary
value during the changes of the hydraulic boundary
conditions. The variation of the isotropic thermodynamic stress in Equation (14) is reported in Figure
4. The figure clearly shows that the combination of
the isotropic elastic stress and the enthalpic contribution due to the water flow gives a constant isotropic stress. Equations (14) and (19) are good candidates for the mathematical expression of the
effective stress for three-phase granular solid. The
extended Cam clay model by TAMAGNINI [2004] has
been characterized by the following constitutive
parameters: k=0.065, λ=0.12, n=0.25, M=1.0; the
initial Bishop stress is defined as:
σ’=[920;1070;1070;0]. The simulation is reported
in terms of suction and averaged Bishop stress

Fig. 2 – Simulation of the constant volume swelling test on
the Boom clay, data are reported in terms of suction and
averaged Bishop stress [ROMERO, 1999] when the mean
net stress is constant.
Fig. 2 – Simulazione del test di rigonfiamento a volume costante
sulla Boom clay, dati definiti in termini di tensore di Bishop
mediato e suzione [ROMERO, 1999] quando il tensore delle
tensioni medie nette sono costanti.

(Eq.16) in Figure 2, the solid line is the model
result; the data are the dots. The water retention
properties during the wetting at constant net stress
have been obtained imposing a stationary value for
the Gibbs energy of the fluids (see Fig. 3):

(20)

Note that this condition is equivalent to the condition of null strain in Equation (19). At the same
time the first equation of system (14) is stationary as
well.
It is remarkable that in a constant solid skeleton
volume test with fluid flows the device measures
only the enthalpy of the fluids that is the half part of
the stress rate in Equation (14). The existence of an
elastic strains is a necessary condition because the
solid is not rigid and a suction rate of 400 KPa
should produce deformations but the device can not
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Fig. 3 – Simulation of the constant volume swelling test on
the Boom clay, data are reported in terms of suction and
degree of saturation (dots) [R OMERO, 1999] when the
mean net stress is constant.
Fig. 3 – Simulazione del test di rigonfiamento a volume costante
sulla Boom clay, dati definiti in termini suzione e grado di
saturazione (punti) [ROMERO,1999] quando il tensore medio
netto è costante.

Fig. 5 – Simulation of the free swelling test on the Boom
clay, data are reported in terms of void ratio and water ratio (dots) [ROMERO, 1999].
Fig. 5 – Simulazione del test di rigonfiamento sulla Boom clay a
volume variabile, dati definiti in termini di indice dei vuoti e
contenuto di acqua (punti) [ROMERO,1999].

clay is cyclically wetted and dried. The test is also reported in TAMAGNINI [2004]. The behaviour during
cycles are well reproduced (see Fig. 5) adopting the
same constitutive parameters of the previous simulation. The numerical results in figure 6 shows that
the stress-strain behaviour is simply elastic in this
test (minor plastic strains occur in the first cycle as
discussed in TAMAGNINI [2004]). This implies that
there is not dissipation in the mechanical part related to the Bishop stress, but at the same time, the
presence of the hydraulic hysteresis necessary implies a dissipation. If the mechanical work is considered (Eq. 1), the entropy inequality for this test is
defined as:
(21)
Fig. 4 -Thermodynamic isotropic stress components of
Eq. (14).
Fig. 4 – Componenti termodinamiche isotrope dello stress nella
Eq. (14).

measure this. The total strains will result null if a
collapse occurs contemporaneously.
The second simulation on the Boom clay gives
another proof that the model formulation needs to
be implemented with the capillary energy term. The
test is a free swelling oedometric test, in which the
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in which dSrp is the no recoverable degree of saturation during cycles. Note that the inequality is false
and the second law of thermodynamics is violated
during wetting paths.
The inequality is false even if the stress variables
in equation (1) are rearranged in a bitensorial way
(see HOULSBY,1997):
(22)
On the other hand, if the capillary energy is accounted for (see Eq. 8) the inequality reads:
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Fig. 6 – Simulation of the free swelling test on the Boom
clay, stress-strain behaviour [ROMERO,1999].
Fig. 6 – Simulazione del test di rigonfiamento sulla Boom clay,
comportamento costitutivo [ROMERO, 1999].

(23)
During wetting the capillary stress is always
greater than the suction and the validity of the second law is preserved (see COUSSY, 2004).

Conclusion
The paper try to give new evidences for the debate on the capability of the Bishop stress in unsaturated soils constitutive modelling. Its effectiveness is
supported by the analysis of two experimental tests
on the Boom clay. The first test has shown that the
presented stress variable (The Bishop stress including the interface energy) is surely more appropriate
than the classic bitensorial approach. Constant volume test implies a stationary value of the presented
effective stress, the same is not true for bitensorial
formulations. The second test has shown as the
bitensorial approach violates the second law of
Thermodynamics because it disregards the free energy of the interfaces.
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Sul principio delle tensioni efficaci nei
terreni parzialmente saturi
Sommario

L’articolo propone un’indagine sulle variabili tensionali
appropriate per la modellazione dei terreni non saturi. Negli
ultimi anni, la letteratura scientifica sull’argomento ha fornito
alcune revisioni sulla modellazione dei terreni non saturi.
Questi articoli sono stati incentrati sulla comparazione dei
diversi approcci. Lo scopo del presente articolo è leggermente
diverso e vuole apportare nuovi argomenti nel dibattito. La
discussione sarà supportata da due simulazioni di dati di
letteratura. Il modello adottato per l’investigazione teorica è
l’estensione del modello di Cam clay modificato al dominio delle
pressioni negative TAMAGNINI [2000]. Contrariamente ai
modelli classici, il presente modello è basato sull’uso di uno
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stress effettivo che include il grado di saturazione (formulazione
alla Bishop). La discussione è sviluppata all’interno della
termodinamica. L’uso della trasformata di Legendre nella
risoluzione del problema permette di ottenere una forma
quadratica dell’energia libera dello scheletro solido. Il
risultante tensore delle tensioni basato sull’approccio
termodinamico è in grado di prevedere contemporaneamente un
valore stazionario per la variazione dell’energia libera dello
scheletro solido e per l’energia libera di Gibbs delle fasi fluide
durante prove a volume costante (riferendo alla fase solida). La
condizione ottenuta può essere considerata come una
definizione razionale del principio delle tensioni efficaci per i
terreni non saturi (i.e. per nessuno cambiamento nel valore
delle tensioni non ci sono variazioni nel volume del provino).
Questo risultato supera precedenti discussioni riguardo le
limitazioni del tensore di Bishop quando questo è combinato con
una opportuna legge di incrudimento.

