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Viscoplastic modelling of fluids filled porous chalks

Vincenzo De Gennaro*, Jean Michel Pereira*, Marte Gutierrez**, Randall J. Hickman***

Summary
In this paper two rate dependent constitutive models for porous chalks are presented. The common background of both

models formulation is the isotach approach, which is first introduced. The theoretical basis and the mathematical formu-
lation of the models are then proposed. Finally, numerical predictions of both models are compared with experimental
results and discussed. The two formulations include strain rate and creep effects. Suction dependency on creep is also dis-
cussed. Some perspectives about the constitutive modelling of time-dependent behaviour of partially saturated chalks are
given with respect to the description of the coupled effect of suction and time.

Introduction

In the last two decades, time dependent me-
chanical behaviour of geomaterials has been the ob-
ject of many outstanding works, with applications in
as much different fields such as civil, petroleum and
mining engineering. Experimentally, time depend-
ency has been widely recognized in clays [e.g. BJER-
RUM, 1967; VAID and CAMPANELLA, 1977; KIM and
LEROUEIL, 2001; LEROUEIL, 2006], sands [e.g. DI PRI-
Sco and IMPOSIMATO, 1996; TATSUOKA et al., 2000; Di
BENEDETTO et al., 2002], rockfill [e.g. OLDECOP and
ALONSO 2003; 2007], rocks and soft rocks [e.g. ŠUK-
LJE, 1957; DE GENNARO et al., 2003; DE GENNARO et al.,
2004; FABRE and PELLET, 2006; PRIOL et al., 2007]; a
summary is given by AUGUSTESEN et al. [2004].

Time effects are usually associated with creep
loading, involving deformation behaviour under
constant effective stresses. Considering oedometric
compression, creep is usually identified with the
final slope of the consolidation curve via the well
known secondary compression indexes Cαe or λα if

time is plotted in log10 or ln scale, respectively.
Values of Cα e  or λα  are in general strongly
dependent on the stress history [e.g. FEDA, 1992].
The evolution of secondary compression index as a
function of the applied stress is negligible in the
pseudo-elastic regime (before yielding). Beyond
yielding the secondary compression index varies
linearly with the applied stress. Finally, at very high
applied stresses and reduced porosity Cαe values

tend to a constant value. It is worth mentioning that
although often used in engineering practice, the
expression of Cαe leads to a fundamental inconsist-

ency when the creep time is infinite as it predicts
infinite creep strain [e.g. YIN, 1999]. Dependency of
Cαe values on pore fluids and partial saturation has

been seldom explored. Recent results suggest a
definite coupling between suction, pore fluids and
secondary compression index Cαe [OLDECOP and

ALONSO, 2003; PRIOL et al., 2007]. MESRI and
GODLEWSKY [1977] showed that for a given loading
increment in oedometric or triaxial compression,

the ratio  is constant for a given soil. Recently,

OLDECOP and ALONSO [2007] found similar results
for partially saturated rockfill considering the

equivalent ratio , λ being the compressibility at

virgin state.
Early work by VAID and CAMPANELLA [1977] al-

ready showed that time dependency does not in-
volve only creep behaviour. It is well recognized in-
deed that soil strength is also strain rate dependent
[GRAHAM et al., 1983; TATSUOKA et al., 2000; SORENSEN

et al., 2007]. In the usual range of interest of applied
strain rates, varying between 1·10–8 s–1 and 1·10–4 s–1

a linear relationship between the logarithm of the
yield stress and the logarithm of the strain rate can
be established [LADD, 1971], so that the higher the
strain rate, the higher the yield stress.

As far as constitutive modelling of time depend-
ent behaviour is considered various approaches
have been proposed [see LIINGAARD et al., 2004 for a
recent overview]. Some questionable approaches as-
sume that the total strain rate is the sum of an elastic
component, a plastic component and a plastic time-
dependent (viscoplastic) component [e.g. BORJA and
KAVAZANJIAN, 1985]. This plastic strain rate partition
makes a distinction between plastic effects and vis-
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cous effects on material hardening. In other words,
this choice would allow the discrimination of irre-
versible strains due to the mechanical loading and
those due to time and the knowledge of two distinct
internal dissipation mechanisms that are difficult to
identify separately. However these approaches have
been shown to be theoretically incorrect and to be
inconsistent with experimental data.

The majority of the models assume a more con-
sistent formulation that the total strain rate is the
sum of an elastic inviscid component and a visco-
plastic component. Following this approach, time,
or another convenient internally related variable,
acts as an additional hardening variable affecting
the evolution of the hardening parameter, similarly
to what plastic strain associated to mechanical load-
ing does in strain hardening/softening time inde-
pendent plasticity. The manner in which the visco-
plastic component of the strain rate is determined
discriminates the various theoretical approaches
proposed in literature.

For example, NOVA [1982] adopted extended
elastoplasticity [e.g. DRAGON and MROZ, 1979; LEMAI-
TRE and CHABOCHE, 1985] to model the viscoplastic
behaviour of normally consolidated clays, identify-
ing time as the internal variable related to creep.

A rather large variety of models are based on
Perzyna’s theory of elastoviscoplasticity [MALVERN,
1951; PERZYNA, 1964]. These models are often qual-
ified as “overstress models.” Many examples of
overstress models for soils and soft rocks, including
chalks, are available [ADACHI and OKA, 1982; DI PRI-
SCO e IMPOSIMATO, 1996; DATCHEVA et al., 1998; DE

GENNARO et al., 2003; ALONSO et al., 2005; YIN et al.,
2007; COLLIN et al., 2008]. One of the most common
criticisms to overstress models is the loss of physical
meaning of the viscous parameters (generally two)
that control the viscoplastic component of the strain
rate and the way to determine them.

Moving from the observation that the time de-
pendent behaviour of geomaterials during one-di-
mensional consolidation can be described assuming
that volumetric strain evolves as a function of the ef-
fective stress and time [BJERRUM, 1967], various
models have been formulated adopting the notion
of equivalent (or reference) time [e.g. KROGSBOLL,
1998; VERMEER and NEHER, 2000]. In these models,
viscoplastic strains evolve along linear and parallel
lines (time-lines) characterised by a given time of
sustained loading (creep). These lines are parallel to
the virgin consolidation line having slope λ in the (e:
ln p’) plane, where e is the void ratio and p' the
mean effective stress. Note that sometimes over-
stress models can also include the equivalent time
assumption [e.g. YIN and GRAHAM, 1999; YIN et al.,
2002]. For complicated loading time histories these
models might suffer some drawbacks if the origin of
time is not defined conveniently.

The equivalent time approach has a number of
similarities with the “isotach model” [Šuklje, 1957].
In this case, isotachs have been defined as plots of
strain against stress that correspond to selected strain
(creep) speeds [ŠUKLJE, 1957]. Following this
approach, time does not come into the constitutive
equations explicitly. KIM and LEROUEIL [2001] used
this approach to simulate oedometric tests on
Berthierville clay. More recently HICKMAN and
GUTIERREZ [2007] used a rate-line approach to
simulate time-dependent behaviour of chalks and
porous rocks.

The aim of this paper consists in showing two
possible strategies to include the viscous behaviour
via the isotach approach in a consistent theoretical
framework. The proposed constitutive laws will be
formulated and verified in order to describe the
viscoplastic behaviour of saturated and partially sat-
urated porous chalks.

The Isotach Approach

While analysing the behaviour of Norwegian
clays BJERRUM [1967] observed that it was possible to
describe the time dependent behaviour of these
soils during one-dimensional consolidation assum-
ing that volumetric strain evolves as a function of
the effective stress and time. An alternative repre-
sentation of the “time-lines” approach was early
proposed by ŠUKLJE [1957] studying chalk beha-
viour, who verified that time-lines are also lines of
equal rate of change in void ratio or, equivalently, of
constant strain rate.

Bjerrum’s “time-lines approach” is sketched in
Figure 1. Following this approach soils may experi-
ence both instant compression during sedimenta-
tion following the instant time line and delayed
compression under sustained constant load (pc)A.
The amount of delayed strain accumulated during
this latter phase will depend on the elapsed time of
sustained loading imposed to the soil. Depending
on the elapsed time, an equilibrium void ratio eo is
obtained. The actual state of a soil sample is then
known if the relationship p’: eo: to is known, with the
additional hypothesis that e: ln p’ curves (i.e. time-
lines curves) are parallel. Any additional loading
will involve instant loading for all the samples that
are loaded beyond the limit pressure (pc)B, eventu-
ally identified as the apparent preconsolidation
pressure (Fig. 1). Below the (pc)B, value, the gained
strength of the soil during mechanical consolidation
(aging) prevails and the soil behaves elastically.

The “isotach approach” proposed by ŠUKLJE

[1957] is schematically described in Figure 2. A clear
advantage of this choice is that the actual state of a
soil sample is fully described by the relationship
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p’: εvo: ·εvo, among stress-strain-strain rate in the cur-
rent state, without further direct dependence on ab-
solute time as in the case of Bjerrum’s model [see
also LEROUEIL, 2006].

A common important feature of both ap-
proaches is that each isotach has an equivalent
time or rate-dependent yield stress p’c, p’c1, p’c2,
p’c3, … This aspect has been further investigated
by many authors. As an example, based on availa-
ble experimental data from oedometric compres-

sion tests performed at Constant Rate of Strain
(CRS tests) [e.g. LEROUEIL et al., 1985], LEROUEIL

[2006] observed that an average increase in the
preconsolidation pressure σ’p from 7% to 12% per
log cycle of strain rate is generally obtained for in-
organic clays (Fig. 3). Generalizing the results
shown in Figure 3, the following relationship be-
tween the yield stress p’y and the strain rate ·ε
seems then to apply to a wide variety of geomate-
rials:

Fig. 1 – Illustration of Bjerrum’s one-dimensional “refer-
ence time-lines” model in the void ratio e vs. ln(p) axes.
During creep loading from point A to point B, the swell-
ing line moves as shown and the preconsolidation pres-
sure changes from (pc)A to (pc)B due to aging.
Fig. 1. – Rappresentazione del modello monodimensionale di 
Bjerrum nel piano e-ln(p). Durante la fase viscosa (tratto A-B) 
le linee di scarico traslano restando parallele e la pressione di 
preconsolidazione varia fra (pc)A e (pc)B per via del fenomeno di 
“aging”.

Fig. 2 – Equivalence of Bjerrum’s “reference time-lines”
model and the constant “rate-lines” or isotach model by
Šuklje. Each isotach has an equivalent time or rate-depen-
dent yield stress pc, pc1 , pc2 , pc3 , … corresponding to t=to ,
10to, 100to , 1000to, … or 0.1ε·vo, 00.1ε·vo, 000.1ε·vo,
Fig. 2 – Equivalenza fra il modello di Bjerrum e il modello 
“isotach” di Šuklje. Ogni linea “isotach” è caratterizzata da una 
tensione di snervamento pc, pc1, pc2, pc3, … che dipende dal 
tempo equivalente t=t0, 10t0, 100t0, 1000t0, … o analogamente 

dal gradiente di deformazione 0.1 ·εvo,  0.01 ·εvo,  0.001 ·εvo,  …

Fig. 3 – Variation of the preconsolidation pressure with the imposed strain rate [after LEROUEIL et al. 1985].
Fig. 3 – Variazione della tensione di preconsolidazione in funzione del gradiente di deformazione imposto. 
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log p’y = A+αlogε· (1)

where A and α are materials constants. Note that α

can be easily identified with the ratio . Thus any

change in α will reflect a particular type of soil.

Equation (1) and the equality  constitute a ma-

jor result and, as shown later on in this paper, will
be essential for a consistent formulation of time de-
pendent modelling of chalks.

Suction and time dependent behaviour of 
porous chalks

Chalks are known to be particularly sensitive to
water saturation. The importance of water effects in
chalk has been demonstrated in various fields of in-
vestigation, especially concerning the mechanical
behaviour of chalks in reservoirs in the North Sea,
embankments and mineworkings [CLAYTON, 1980;
LEDDRA et al., 1993; ANDERSEN, 1995; GUTIERREZ et al.,
2000; DE GENNARO et al., 2003; DE GENNARO et al.,
2004; DE GENNARO et al., 2005; NGUYEN et al., 2008].

We will focus our attention on the mechanical
behaviour of oil-water saturated Lixhe chalk. This
chalk has been studied in relation with the
engineering problem of the seabed subsidence of
Ekofisk oilfield in the North Sea during the last two
decades standing exploitation of the reservoir
(maximum subsidence rate 40 cm/year) [PASACHALK

1, 2001; PASACHALK 2, 2004]. The main objective of
the investigations was to interpret the observed
compaction of oil-bearing chalk deposits during
enhanced oil recovery by water injection. The oil-
water suction decrease due to water injection (often
recognized as “capillary effect”) was identified as a
viable short time scale mechanism of instantaneous
compaction [DELAGE et al., 1996; PASACHALK1, 2001;
DE GENNARO et al., 2004]. Oil-water suction so is
defined as so = uo – uw (uo and uw being the oil and
water pressures, respectively). Time dependent
behaviour (creep) was also recognized as an
additional mechanism at the origin of chalk
compaction at longer time scale [HELLMANN et al.,
2002; DE GENNARO et al., 2003; PASACHALK2, 2004;
PRIOL et al., 2007]. These results will be briefly
summarised in what follows.

Figure 4a shows the results of two oedometer
tests performed on Lixhe chalk under controlled
oil-water suctions equal to 0.1 and 0.4 MPa, respec-
tively. It can be observed that the vertical stress at
yield (i.e. the stress corresponding to the change of
slope of the compressibility curves in Figures 4a)
increases with increasing suction, which in turns
means with lower degrees of water saturation Srw

(the relation between suction and water saturation is

given by the retention curve of the material). The
extreme situation is that shown in Figures 4b, with a
higher yield stress for chalk full of oil as compared
to chalk submitted to a controlled suction so =
0.1 MPa. For this level of suction retention proper-
ties of Lixhe chalk (not presented in this paper for
the sake of space) give Srw = 50%. In the same figure
a water infiltration test under a vertical load of 10
MPa and hydraulic water head of about 1 m is also
shown. Tests conditions correspond to a progressive
decrease from a very high oil-water suction to a near
zero value. Starting from point A (beginning of
water infiltration from the bottom of the sample)
the final point B has been obtained after one week
of water infiltration. A total decrease of 0.025 in
void ratio is observed (path AB), corresponding to a
compressive volumetric strain of about 1.5%. Unlike
in water injection, characterised by a forced imbibi-
tion (i.e. uw > uo), infiltration is almost unforced
(uw ≅10 kPa in this example) and more time is
needed to achieve an almost complete water satura-
tion corresponding to a near zero suction value. The
comparison with the compression curve obtained at
imposed suction of 0.1 MPa shows that the point B
is still far from reaching this curve. It can then be
inferred that after one week of infiltration the
degree of water saturation of the sample is not yet
the same of the sample tested at an imposed suction
of 0.1 MPa (i.e. Srw = 50%, as mentioned above).
Consequently, a higher volumetric compaction in a
shorter time interval would have been induced if
water was injected at high constant pressure. The
observed compaction remains quite significant and
comparable to earlier data of NEWMAN [1983] on
chalk samples from Cora, Dan and Gorm North Sea
oilfields. These results are also compatible with the
mentioned water weakening effect in chalks, inter-
preted here as a “capillary effect” associated to oil-
water suction decrease.

The change in yield stress with oil-water suction
and the increase of compaction during water injec-
tion are similar to what drawn by ALONSO et al.
[1990] for unsaturated soils, where air-water suction
acts instead of oil-water suction. Oil or air behave
then as non-wetting fluids and interact with water
(the wetting fluid) giving rise to capillary forces (suc-
tion) that strenghtens the material. To account for
suction effects on material strength and irreversible
compressive strains ALONSO et al. [1990] defined a
yield locus called Loading Collapse curve (LC
curve) giving the relation between suction s and
yield stress po. Unlike in unsaturated soils, the slope
in the plastic zone appears slightly suction depend-
ent in chalk (Fig. 4a). Conversely, the elastic re-
sponse investigated by the unloading-reloading se-
quences, does not show any significant suction effect
in the range of explored suction values.
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It was not excluded that some creep may also
have affected the volume decrease shown in Fig. 4b.
This was further investigated inspecting the consol-
idation curves during oedometric compression. Fig-
ure 5 shows the consolidation curves giving the evo-
lution of the vertical displacement as a function of
time observed under a vertical load of 10 MPa for
the two oedometric tests under constant controlled
suction shown in figure 4a. These consolidation
curves significantly differ from those commonly ob-
served for soils, showing apparent absence of pri-
mary consolidation. As it can be observed, when ex-
trapolated for the long term sustained loading the
evolution of creep strain is proportional to the log-
arithm of the elapsed time. The secondary compres-
sion index Cαe can then be easily identified. It is
worth noting that the final slope of the consolida-
tion curve increases when suction decreases (i.e. Cα

– 0.1 > Cα – 0.4). Creep is then accelerated by a de-
crease of suction (i.e. an increase of the degree of
water saturation). Additional experiments con-
ducted by PRIOL [2005], not presented here for the
sake of space, have confirmed the general trend
shown in Figure 5 [see also PRIOL et al., 2007]. Chalk
compaction is then also the result of a time-depend-
ent process (creep) accelerated by an increase of wa-
ter saturation.

The extension of experimental results on Lixhe
chalk to triaxial conditions and the analysis of the
effect of variable strain rates have been presented by
DE GENNARO et al. [2003] and PRIOL et al. [2007].

Some of these results are summarised in Figures 6
and 7 . The combined effect of suction and loading
rate during isotropic compression is shown in Fig-
ure 6a. Tests refer to samples submitted to constant
rates of isotropic stress ·p=5.5×10-5 MPa s-1 (slow
rate) and ·p=3.3×10-3 MPa s-1 (fast rate). Samples

Fig. 4 – Oedometric tests results of oil-water saturated Lixhe chalk: (a) compressibility curves, (b) instantaneous compaction
due to water injection of oil saturated sample [after DE GENNARO et al., 2004].
Fig. 4 – Prove edometriche sul calcare tenero di Lixhe saturato con petrolio e acqua: (a) curve di compressione edometrica, (b) compressione 
istantanea di un campione di gesso inizialmente saturo di petrolio a causa dell'iniezione di acqua.

Fig. 5 – Oedometric tests results of oil-water saturated
Lixhe chalk: consolidation (creep) curves showing suction
dependency [after DE GENNARO et al., 2004].
Fig. 5 – Prove edometriche sul calcare tenero di Lixhe saturato 
con petrolio e acqua: influenza della suzione sulle curve di 
consolidazione secondaria (creep).
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were partially filled with oil and water. The initial
void ratio was eo = 0.7 and the water saturation de-
gree was Srw=10% and Srw=40%, corresponding to
an imposed suction level of about 1 MPa and
0.2 MPa, respectively [DE GENNARO et al., 2003]. The
effect of suction on material strength is qualitatively
similar to what already observed for the same mate-
rial during oedometric compression (Fig. 4), the
yield stress increases when the imposed suction in-
creases. A similar effect on the yield stress is also as-
sociated to a change of the loading rate. As shown in
Figure 6a the yield stress increases when the im-
posed loading rate increases. If the same results are
plotted in the (e: ln p’) plane (Fig. 6b) the relation-
ship among stress-strain-strain rate can be better
identified. It appears that the effect of a variable
strain rate on the behaviour of Lixhe chalk can be

conveniently described adopting the isotach ap-
proach proposed by Šuklje (Fig. 2).

As already observed an important feature of the
isotach approach is that each isotach is character-
ized by an equivalent time or rate-dependent yield
stress (e.g. Fig 3). This has been verified also for
Lixhe chalk performing a series of oedometric com-
pression tests at Constant Rate of Strain (CRS tests).
Results are shown in Figure 7. There is clearly a
striking resemblance between these results and
those presented in Figure 3 giving the variation of
the preconsolidation pressure with strain rate for in-
organic clays [LEROUEIL et al., 1985]. The novelty of
the results presented in Figure 7, however, is that
they show a combined effect of suction, type of satu-
rating fluid and strain rate on material yielding. In
other words, the slopes α of the regression lines in

Fig. 6 – Isotropic triaxial tests results of oil-water saturated Lixhe chalk showing effects of: (a) suction and loading rate and
(b) isotach behaviour.
Fig. 6 – Prove di compressione triassiale isotropa sul calcare tenero di Lixhe saturato con petrolio e acqua: (a) influenza della suzione e 
del gradiente di carico, (b) comportamento “isotach”.
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Figure 7 are such that α=α(s). It seems quite likely
that relationship (1) can then be generalized to a
wide range of geomaterials including chalks. Since

the slope α(s) can be identified with the ratio , a

definite coupling between suction, creep and com-
pressibility can be recognized.

Rate-Dependent Modelling Of Porous Chalks

The common background of the two models
presented in this section is the concept of “rate
lines” or “isotach model” early proposed by ŠUKLJE

[1957] and further adopted by BJERRUM [1967] con-
sidering the “equivalent age” concept (Figs. 1 and
2). Šuklje’s approach will be shown to be equivalent
to Bjerrum’s formulation. The models proposed
hereinafter use the “isotach approach” as a starting
point of the formulation.

RAte of STRAin model (RASTRA model)

For the sake of brevity the formulation of RAS-
TRA model will be restricted to the case of isotropic
loading. In order to include the effect of suction into
the formulation of the model a constitutive ap-
proach capable of simulating the behaviour of par-
tially saturated chalks is required. The Barcelona
Basic Model (BBM) proposed by ALONSO et al. [1990]
has been chosen as the reference constitutive frame-
work enabling to encompass in a unique and
straightforward formulation the effects of time and
suction. The formulation of the model in the case of
isotropic stress states is briefly presented.

THE ALONSO et al. [1990] MODEL

The BBM is formulated in the framework of the
hardening elastoplasticity and extends the features
of the modified Cam-clay model to suction depend-
ent stress states. Two independent sets of stress var-
iables are used to describe the mechanical behav-
iour of partially saturated soils: the mean net stress
p = ptot – pa and the suction s = ua – uw, where ptot, ua

and uw are the total mean stress, the air pressure
and the water pressure, respectively. The extension
of the modified Cam-clay model involves the intro-
duction of the Loading Collapse (LC) and Suction
Increase (SI) loci, that are associated to the genera-
tion of irreversible strains due to suction changes;
details can be found in ALONSO et al. [1990].

The volumetric deformation increment dεv is
partitioned in an elastic part and a plastic part. Each
component consists of a mechanical contribution (p
subscript) and of a suction dependent contribution
(s subscript):

dεv=dεe
v+dεp

v=dεe
vp+dεe

vs+dεp
vp+dεp

vs (2)

The elastic behaviour is expressed as follows

(3)

where κ and κs are the elastic stiffness parameters
for changes in mean net stress and suction, respec-
tively; v=1+e is the specific volume (e being the void
ratio) and patm is the atmospheric pressure.

Yielding is controlled by the elliptic yield sur-
face of the modified Cam-clay model and includes
the effect of suction on cohesion. Since the formula-

Fig. 7 – Variation of the yield stress of Lixhe chalk with the applied strain rate during oedometric CRS tests [data after PRIOL

et al., 2007].
Fig. 7 – Variazione della tensione di snervamento del calcare tenero di Lixhe in funzione del gradiente di deformazione imposto durante 
prove edometriche di tipo CRS (Constant Rate of Strain).
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tion of RASTRA model will be restricted to isotropic
stress states, details of the yield surface formulation
and deviatoric loading will not be given in this pa-
per. The readers can refer to the original paper of
Alonso and co-workers [ALONSO et al., 1990] for fur-
ther details.

For isotropic compressive stress states, the equa-
tion for the yield surface reduces to the following
condition

F≡ p – po =0 (4)

where po is the isotropic yield stress for the material
at a given suction s. The Loading Collapse (LC) and
Suction Increase (SI) loci delimit the elastic domain
in (p,s) plane and control the occurrence of irrevers-
ible strains due to suction changes (Fig. 8). They are
expressed as follows:

SI: s – so =0 (5)

(6)

Since the formulation will refer to isotropic
compressive stress states the additional mean net
stress ps=ks shown in Figure 8 accounting for the ef-
fect of suction on cohesion and tensile strength will
not be considered (i.e. k=0). In describing the LC
and SI loci three additional parameters are consid-
ered: λ(s), pc, and; so; λ(s) is the compressibility at vir-
gin state for a material at a given suction s, pc is a ref-
erence pressure [for further details see: ALONSO et
al., 1990], so is the maximum suction experienced by
the material (yield condition), p*

o is the isotropic
yield stress for the saturated material and λ(0) is the

material compressibility at virgin state and satu-
rated condition.

The change in material compressibility with suc-
tion is expressed as follows:

λ(s) = λ(0) [(1–r) exp (–βs)+r] (7)

where r and β are two additional parameters of the
model and control the change in soil stiffness with
suction s. Substituting Equations (6) into (4) and
considering (7) show that the material yielding is
suction dependent.

The position of the SI and LC yield loci is con-
trolled by the irreversible deformation generated
during hydromechanical loading. For isotropic
stress state the plastic volumetric deformation incre-
ment dεp

v is derived considering the effects of me-
chanical isotropic loading and increase in suction.
The former generates plastic volumetric deforma-
tion increments dεp

vp , the latter plastic volumetric
deformation increments dεp

vs . The material is as-
sumed to experience same hardening if submitted
either to mechanical loading or increase in suction,
so that a complete coupling can be considered ad-
mitting that dεp

v =dεp
vp +dεp

vs . From this assump-
tion hardening laws governing the evolutions of LC
and SI yield loci are, respectively

(8)

(9)

In (8) and (9) p*
o and so are hardening parame-

ters controlling both the position of LC and SI.

Fig. 8 – LC and SI yield loci in p:s plane [after Alonso et al., 1990].
Fig. 8 – Superfici di snervamento LC e SI nel piano p – s.
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Extension to viscoplastic suction dependent 
behaviour

In order to incorporate the viscoplastic coupling
into the original formulation of BBM the extended
elastoplasticity framework has been adopted [e.g.
DRAGON and MROZ, 1979; LEMAITRE and CHABOCHE,
1985]. The dependency of the yield condition in (4)
can be rewritten as follows:

F=F [p,p*
0(εp

v, s)] (10)

In (10) p*
o (εp

v ,s) is the hardening function and
εp

v is the plastic volumetric strain identified as the
hardening variable. Suction dependency in (10) is
introduced via the evolution of p*

o with suction ac-
cording to (6). The expression of p*

o (εp
v ,s) can be ob-

tained by integrating (8):

(11)

where pro is a reference pressure, eventually identi-
fied with the yield stress of the saturated material
before occurrence of any irreversible strain.

As shown in Figure 7 chalk exhibits strain rate
suction dependent hardening involving plastic yield-
ing which is strain rate dependent. In order to cap-
ture this coupling, similarly to the case of thermal and
chemical hardening [e.g. ULM and COUSSY, 1998; LA-
LOUI and CEKEREVAC, 2003; COUSSY, 2004], an ex-
tended hardening law is proposed to account for
strain rate hardening. Therefore, admitting that
strain rate hardening is only associated with the irre-
versible part of the strains (i.e. elastic response is time
independent), the proposed law is extended as fol-
lows:

(12)

A new deformation partition is then assumed, ad-
mitting that

dεv=dεe
v +dεvp

v  (13)

where εvp
v  is the viscoplastic component of the de-

formation. In (12) the volumetric strain rate ·εv is an
additional hardening variable. Its expression is de-
rived from the results shown in Figure 7, plotted
schematically in Figure 9 only for dry and water sat-
urated chalks, expressed by

(14)

Three additional parameters are introduced,
namely: pref

ro ,  ε·ref
v and α(s). These parameters are in-

dicated in Figure 9 and as shown can be directly de-
rived from the experimental results. As already ob-
served, since the slope α(s) can be identified with the

ratio  or equivalently , a definite cou-

pling between suction, creep and compressibility
can be recognised. In order to complete the formu-
lation of the model the expression of α(s) has to be
identified. For the sake of simplicity a linear de-
pendence between α and s has been chosen in the
form:

α(s)=α(0)–bs  (15)

where α(0) is the slope of the linear yield stress-
strain rate relationship for the water saturated chalk
(Figs. 7 and 9) and b is the forth additional constitu-

Fig. 9 – Dependency of the isotropic yield stress of Lixhe chalk on volumetric strain rate and oil-water suction [data after
Priol et al., 2007].
Fig. 9 – Influenza della suzione e del gradiente di deformazione sulla tensione di snervamento del calcare tenero di Lixhe durante prove 
edometriche di tipo CRS (Constant Rate of Strain).



53VISCOPLASTIC MODELLING OF FLUIDS FILLED POROUS CHALKS

GENNAIO - MARZO 2009

tive parameter.

In comparison with the single hardening varia-
ble elastoplastic formulation the introduction of
(12) and (14) in the model requires a new derivation
of the plastic multiplier dλ, that now depends on the
hardening variable εvp

v and the volumetric strain

rate ·εv. The latter can be obtained considering the

expression of the yield function  given in (4) that,
accounting for (6), (12) and (14), can be written

(16)

Invoking the consistency condition dF=0 for the
plastic loading, it follows that:

(17)

and considering in the case of associated flow rule
that:

(18)

the plastic multiplier can be identified as follows:

(19)

where the hardening modulus H is given by

(20)

When specialized using (16), substitution of (19)
and (20) in (18) yields

(21)

where the first two terms on the right hand side of
(21) represent the contributions of the mechanical
and suction loading to the viscoplastic deformation
and the last term allows to identify the contribution
to the viscoplastic deformation of the volumetric
strain rate. According to (16) the following expres-
sions can be derived for λ1, λ2 and λ3:

(22)

(23)

with

(24)

It is worth noting that considering (21) visco-
plastic deformations occur even if stress and suction
are held constants (i.e. dp=0 and ds=0), which is
the typical case of creep. Moreover, since material
compressibility λ(s) depends on suction, the plastic
multiplier λ3 in (24) allows coupling between visco-
plastic deformation during creep and suction.

MODEL VALIDATION

In order to verify RASTRA model capabilities
strain rate dependent behaviour of a virtual chalk
submitted to isotropic compression loading is first
simulated.

For isotropic conditions BBM requires the speci-
fication of eight parameters: κs, λs, κ, λ(0), r, β, pc, s0.
The extension to viscoplastic behaviour introduces
four additional constitutive parameters: ε· ref

v , pref
ro ,

α(0) and b, whose meaning is straightforward (Fig. 9).
A set of trial parameters is given in Table I.

Results shown in Figure 10 demonstrate the re-
liability of the model in reproducing the general
features of the isotach behaviour. Each compression
line shown in Figure 10 is characterised by a given
value of the imposed volumetric strain rate ε·v. Sim-

ulations have been carried out for ε·v= ε·v ,...,

0.001 ε·v where ε·v=1x10-5 s-1 has been assumed as
the reference strain rate during instantaneous load-
ing (Fig. 2). These lines are equally spaced following
a logarithmic progression, in agreement with Equa-
tion (14).

A second series of simulations have been per-
formed in order to validate RASTRA model. The
two isotropic tests on Lixhe chalk partially saturated
with oil and water shown in Figure 6b have been
considered. The constitutive parameters used for
Lixhe chalk are presented in Table I. They have
been derived from data reported by DE GENNARO et
al. [2003]. Data shown in Figure 7 allowed the iden-
tification of the strains rates corresponding to each
of the post yield loading branches in Figure 6b
where ε·v=1x10-7 s-1. The four viscous parameters

F
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ε·refv , pref
ro , α(0) and b have been derived from data in

Figure 7. RASTRA model predictions and experi-
mental results during isotropic loading are com-
pared in Figure 11. Since the elastic strain predicted
in RASTRA model is time independent, rate effects
do not influence the simulated elastic behaviour in
Figure 11, although experimental results seem to
suggest that stress rate affects also the initial slope of
the compressibility curves. Three creep phases were
also reproduced during the simulation of the tests.
For the definition of the creep phases the results of
the tests presented in Figure 6b were used to iden-
tify the value of the volumetric strain rate at the be-
ginning and the end of each creep phase. As it can

be observed model predictions compare fairly well
with experimental results.

The last series of simulations was intended to
test RASTRA model ability in reproducing the in-
fluence of suction on the evolution of creep. For
this type of simulations no experimental results of
isotropic creep at various oil-water suctions and
same initial void ratio (eo = 0.7) are available for di-
rect comparison. For this reason the isotropic com-
pression test conducted under constant rate of

stress ·p=3.3x10-3 MPa s-1 (fast rate) and oil-water
suction equal to 1 MPa (Figs. 6 and 11) has been
considered as the reference test and two ideal tests
have been simulated admitting that suction is re-
duced to 0.2 MPa (i.e. Srw=40%) and 0 MPa (i.e.
saturated state).

Results of simulations are shown in Figure 12 in
terms of evolution of the void ratio as a function of
the elapsed time of the test. The semi-logarithmic
description has been adopted to better illustrate the
effect of suction on creep which is accounted in
RASTRA model via the constitutive parameter α(s)
(Fig. 7). As shown in Figure 12a the predictions of
RASTRA model are qualitatively in good agreement
with tests results. The major difference is related to
the time duration of “CREEP 1” which is clearly un-
derestimated by the model. Despite this difference
the variation of the predicted void ratio remains
close to the measured one.

The influence of suction on creep is shown in
Figure 12b. As expected, chalk compaction in-
creases when suction decreases. The lower value of
the void ratio e = 0.25 at the end of the test corre-
sponds with the case of a saturated chalk. For an im-
posed suction of 1 MPa the value of the void ratio at
the end of the test is 1.7 times larger than the value
obtained for the saturated case. Besides the effect of

Tab. I – Constitutive parameters of RASTRA model.
Tab. I – Parametri constitutivi del modello RASTRA.

Fig. 10 – Simulation of strain-rate controlled isotropic
compression tests under various volumetric strain rates
showing isotach behaviour (RASTRA model).
Fig. 10 – Simulazione numerica di prove di compressione 
triassiale isotropa a gradiente di deformazione controllato: 
illustrazione del comportamento “isotach“ (modello RASTRA).
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suction on chalk compressibility, which is somewhat
well known and directly incorporated adopting the
BBM theoretical framework, the originality of the
results shown in Figure 12b consists in the capability
of the model in accounting for suction effect on the
evolution of creep. This is illustrated by inspecting
the linear slopes of the final creep phases relative to
the three tests, plotted as dashed lines. These lines
are not parallel, the larger slope being that associ-
ated with the test on the saturated chalk sample.

These results give a qualitative picture of the
phenomenon and show how RASTRA model can
encompass in a consistent theoretical framework
visco-hydro-mechanical coupling.

Hickman and Gutierrez Model

GENERAL BACKGROUND

The model of HICKMAN and GUTIERREZ [2007],
similar to several rate-dependent or viscoplastic
models for geomaterials, is based on BJERRUM’S
[1967] “reference time lines” discussed above. Al-
though the model of HICKMAN and GUTIERREZ [2007]
is primarily formulated for chalk, it is equally appli-
cable to other geomaterials such as clays which ex-
hibit rate dependency. Details of the model are
given in the quoted reference. This section provides
a more extensive discussion and more details on the
model formulation. The discussions focus on impor-
tant features of the model including its isotach be-
haviour, link to other models and to conventional
plasticity and viscoplasticity formulations, and its

predictions particularly on the rate dependency of
yielding of geomaterials. The model presentation
discusses on how the limitations of Bjerrum’s ap-
proach (e.g., zero material for infinite creep time,
and the difficulty of defining reference states and
parameters) are addressed.

MODEL FORMULATION

Following BJERRUM’s [1967] “reference time
lines” approach, the Hickman and Gutierrez model
assumes several compressions lines corresponding
to different “ages” or “times” in the void ratio e vs.
ln(p) (instead of log10(p) used in Bjerrum’s ap-
proach) as shown in Figure 1. The compression
lines are parallel to each other and have a slope
equal to λ, which is related to the compression index
Cc as λ=0.434Cc.The compression lines with times
or age values of t=t0, 10t0, 100t0, 1000t0, …, where t0
is a reference time, are equidistant from each other.
Following Bjerrum’s definition, the outermost com-
pression line for t=t0 is called the instantaneous
(i.e., time independent) compression line. As dis-
cussed above, one of the difficulties in Bjerrum’s
formulation is in the definition of the reference time
t0 corresponding to instantaneous loading. This pa-
per is intended to circumvent this difficulty.

The time-independent swelling line for over-
consolidated materials, which has a slope of
κ=0.434Cs, where Cs is the swelling index, intersects
the time lines at different points (Fig. 1). These
points may be considered as yield points where
compression response changes from normally con-
solidated to overconsolidated. The yield points de-

Fig. 11 – Simulation of constant oil-water suction controlled isotropic compression tests on Lixhe chalk (s = 1 MPa,
Srw=10%) under different loading rates.
Fig. 11 – Confronto fra la simulazione numerica e i dati sperimentali di prove di compressione triassiale isotropa a suzione controllata e 
gradiente di carico variabile sul calcare tenero di Lixhe (s = 1 MPa, Srw = 10%).
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pend on the elapsed “time” or the “age” of the ma-
terial as p is increased. These are labeled as pc, pc1,
pc2, pc3, … in Figure 2 corresponding, respectively,
with the time values of t0, 10t0, 100t0, 1000t0, … The
yield point pc corresponds to the “critical pressure”
mentioned above, or the pre-consolidation pressure
used in soil mechanics for materials overconsoli-
dated by mechanical loading.

The above description gives a very pictorial and
graphical explanation of how Bjerrum’s time-rate
formulation works. The challenge is how to trans-
form the above graphical procedure into a consist-
ent mathematical framework for modeling the time
dependent behaviour of soils and rocks. One of the
first attempts to use Bjerrum’s formulation is the
stress-strain-time model of BORJA and KAVAZANJIAN

[1985], which couples the time-independent Criti-
cal State Soil Model (CSSM) to Bjerrum’s formula-

tion. However, the resulting model is flawed, as the
strain rate is split into three components, elastic,
plastic and time-dependent. As discussed above, the
inconsistency of the three-component formulation
has been shown theoretically and experimentally. It
can be shown analytically that for time-dependent
loading, Borja and Kavanzanjian’s formulation ac-
tually give zero plastic strains although it is included
in their formulation. Conversely, the time-depend-
ent strains are zero whenever there are plastic
strains, which occur during instantaneous loading.
Nevertheless, Borja and Kavazanjian have provided
significant contribution in putting Bjerrum’s ap-
proach into a mathematical framework. The HICK-
MAN and GUTIERREZ [2007] formulation is based on
some of the equations developed by BORJA and
KAVAZANJIAN [1985].

To simplify the derivations and the presenta-
tion, the analytical formulation of Bjerrum’s ap-

Fig. 12 – Simulation of loading and creep phases during oil-water suction controlled isotropic compression tests on Lixhe
chalk: (a) comparison between experimental results and numerical predictions (s = 1 MPa, Srw = 10%); (b) numerical study
of the influence of suction on the evolution of creep phases.
Fig. 12 – Simulazione numerica delle fasi di carico e “creep” durante una prova di compressione triassiale isotropa a suzione controllata 
sul calcare tenero di Lixhe: (a) confronto fra le previsioni del modello e i dati sperimentali (s = 1 MPa, Srw = 10%); (b) analisi numerica 
dell'influenza della suzione sull'evoluzione della fase di consolidazione secondaria (creep).
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proach will be first derived assuming one-dimen-
sional loading condition under zero shear stress iso-
tropic loading conditions. Extensions to two or
three-dimensional loading condition will be out-
lined below using a “volumetric scaling” procedure.
For instantaneous or time-independent loading and
when p pc, the total strain increment ·εv is obtained
from the superposition of the elastic and plastic
components ·ε e

v  and ·εp
v  using the additivity postu-

late in conventional plasticity:

(25)

Using the equivalence between volumetric
strain rate ·εv and change in void ratio ·e, i.e. ·εv= ·e/
(1+e), and the slopes λ and κ in Figure 1, the follow-
ing expressions for ·ε e

v  and ·εp
v  can be obtained:

(26)

which is identical to the expression for strain rates
in CSSM for isotropic loading.

Again, it is important to emphasize that the
above equations are strictly valid only for instanta-
neous loading applied with dt=0. In reality, an infi-
nitely fast loading condition is impossible. Thus, the
definition of “instantaneous” loading must be re-
placed by a loading rate that can be considered to be
fast enough to be instantaneous in practice. The
choice of what loading rate can be considered as in-
stantaneous is discussed further below.

For time-dependent loading (dt>0), the additiv-
ity condition (25), needs to be replaced by the ex-
pression:

(27)

where ·εvp
v  is the time-dependent viscoplastic strain

increment. It must also be stated that in addition to
the condition dt>0, a second condition must also be
satisfied, that is p<pco.

In order for (27) to be valid, the condition p<pco

must also be satisfied. Otherwise, the stress state lies
on the instantaneous loading curve and (25) must
apply.

The time-dependent viscoplastic strain incre-
ment ·εvp

v  results from increase in time, and can be
obtained by inspection of Figure 1. Along any verti-
cal line in this figure, the mean stress is constant and
only pure viscoplastic or creep deformations will be
obtained since ·εe

v =0 and dp=0. Also, since the com-
pression lines at t=t0, 10t0, 100t0, 1000t0, …, are
equally spaced from each other in the e-ln(p) plot,
then it follows that the void ratio during p=constant
loading changes with log(t) as time increases from t0.

Thus, the viscoplastic strain and its increment can
be written as:

(28)

where the parameter ψ can be related to the coeffi-
cient of secondary consolidation as ψ=0.434Cco (see
TAYLOR, 1948 for further details). The parameter Cα

is equal to the “creep strain per log of time” or the
slope of the straight-line portion of the creep strain
vs. log(time). Note that (28) is the same as Taylor’s
creep law expressed in natural logarithm instead of
log10 [TAYLOR, 1948] and that for the above equa-
tions to be valid, t≥ to.

Equation (28) has a very important implication.
Since this equation relates time to viscoplastic strain
rate, then each time line shown in Figure 1 corre-
sponds with a constant viscoplastic strain rate as
shown in Figure 2. For any time ti, where ti≥to, the

corresponding viscoplastic strain rate ·ε vp
vi can be

calculated as:

(29)

Since the elastic response is time independent,
then the constant viscoplastic strain rate lines are
also the same as the total (i.e. elastic plus viscoplas-
tic) strain rate lines. Consequently, for time t=10t0,
100t0, 1000t0, …, one can calculate the correspond-

ing strain rates 0.1 ·εvo, 0.01 ·εvo, 0.001 ·εvo, … , where
·εvo is the strain rate for the “instantaneous” line as

shown in Figure 2. As discussed above, for practical
purposes, we have replaced the infinitely fast load-
ing rate for the “instantaneous” reference line with
a loading rate that can be considered to be fast
enough to be considered instantaneous in practice.
We can conclude from these discussions that Bjer-
rum’s time lines are also constant strain rate or iso-
tach lines. Thus, Bjerrum’s approach is equivalent
to Suklje’s equal rate lines, as mentioned above.

Another important implication of (28) is that
the meaning of the reference time to in Bjerrum’s
formulation can be revisited. For the reference
strain rate ·εvo corresponding to the “instantaneous”
line, the reference time to can be derived as:

(30)

Alternatively, since to is the time at the start of

the creep loading, the strain rate ·εvo can also be
taken to be equal to the strain rate at the start of the
creep loading. Experimental data indicate that to is

stress level dependent, and ·εvo may be related to the

≥
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strain rate at the end of primary consolidation, i.e.,
the so-called “hydrodynamic lag.”

Based on geometric analysis of Figure 1, the fol-
lowing relation between the corresponding time t
for a given mean stress p, where p≤pc, can be ob-
tained:

(31)

This equation was first derived by BORJA and KA-
VANZANJIAN [1985]. This equation provides another
definition for time t, which can now be viewed not
only as conventional time but as a measure of the
material “age”. The farther the current stress p is
from the pre-consolidation pressure pc, the older is
the material, and the higher is the value of t. The ra-
tio of the maximum past pre-consolidation to the
current stress is precisely the over-consolidation ra-
tio, i.e., OCR=pc/p. This definition is, however, dif-
ferent from the conventional definition of OCR,
where overconsolidation is caused only by mechani-
cal loading. The above definition of overconsolida-
tion also accounts for time-induced overconsolida-
tion or creep. Indeed, time t in the above equation
is a measure of how much creep or “aging” the ma-
terial has undergone.

The development of aging can be more clearly
illustrated for creep loading under constant stress p
from time t to t+dt. During the time increment dt
the void ratio of the material will decrease because

of viscoplastic deformation, and at the same time
the pre-consolidation pressure will also increase by
Δpc=pc. Following the derivations of BORJA and
KAVAZANJIAN [1985], this time-induced aging or in-
crease in pc can be obtained from (31) as:

(32)

The above equation may also be considered as
analogous to strain hardening in plasticity, where
the hardening variable is now time instead of the
plastic strain. For comparison, the strain hardening
law for the time-independent response for p>pc

given in (25) and (26) follows the CSSM hardening
law:

(33)

Substituting (31) in (28) completes the visco-
plastic formulation, which is now expressed in terms
of p and pc:

(34)

Extension to two and three-dimensional load-
ing condition is made by introducing a plastic po-

Fig. 13 – Simulation of strain-rate controlled isotropic
compression tests under various axial strain rates, show-
ing the effect of strain rate on post-yield stress-strain be-
haviour (Hickman and Gutierrez model).
Fig. 13 – Simulazione numerica di prove di compressione 
triassiale isotropa a gradiente di deformazione controllato: 
illustrazione del comportamento “isotach” (modello di Hickman 
e Gutierrez).

Fig. 14 – Simulation of strain-rate controlled isotropic
compression tests under variable axial strain rates, show-
ing effects of change in strain rate on stress-strain behav-
iour. Variable-rate curve moves smoothly between back-
bone isotach curves of constant-rate tests (Hickman and
Gutierrez model).
Fig. 14 – Simulazione numerica di prove di compressione 
triassiale isotropa a gradiente di deformazione variabile. Le 
curve a gradiente di deformazione variabile evolvono 
progressivamente all'interno delle frontiere imposte dalle curve 
“isotach” (modello di Hickman e Gutierrez).
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tential surface g=g(σij) passing through the current
stress point, and using a “volumetric scaling” to give
the viscoplastic strain rate tensor ·εvp

vj :

(35)

Details on volumetric scaling are discussed by
HICKMAN and GUTIERREZ [2007]. The above equation
can be compared to the flow rule in conventional
plasticity:

(36)

where ϕ is the plastic multiplier obtained from the
so-called consistency condition. From Equation
(35), this parameter can be obtained as:

(37)

In case of viscoplasticity theory, time dependent
deformation is calculated as:

(38)

where φ(F) is a scalar function called the flow func-
tion, F is the overstress function, and γ is the fluidity

Fig. 15 – Observed and simulated data for creep phase 1 of uniaxial strain compression test on offshore chalk: (a) axial
strain history; (b) radial stress history. Stress path with creep phases is shown in inset. Experimental data were taken from
Danish Geotechnical Institute [2003].
Fig. 15 – Confronto fra la simulazione numerica e i dati sperimentali della fase di consolidazione secondaria uniassiale di un calcare 
tenero marino: (a) storia di defomazione; (b) storia tensionale radiale. Il percorso di carico con la fase di “creep” è mostrato nel dettaglio. 
Dati sperimentali ottenuti presso il Danish Geotechnical Institute [2003].



60 DE GENNARO - PEREIRA - GUTIERREZ - HICKMAN

RIVISTA ITALIANA DI GEOTECNICA

parameter. The similarity between Equations (35)
and (38) can be noticed, if the fluidity parameter γ
and the flow function φ(F) are defined as:

(39)

For triaxial loading conditions, the plastic po-
tential is a function of the CSSM invariants p and q,
i.e., g=g(p,q), and for three-dimensional loading
conditions, the plastic potential is also a function of
the third invariant θ (the Lode’s angle) in addition
to p and q, i.e., g=g(p,q,θ). Specifically, an elliptical
plastic potential surface is used in the p and q plane
similar to the Modified Cam Clay yield surface, and
a WILLAM-WARNKE [1975] criterion is used in the π-
plane to model the effects of the third invariant θ.
Details are given in HICKMAN and GUTIERREZ [2007].

One criticism of the linear time-lines in e-ln(p)
axes is that when (28) is integrated for infinite time,
creep strain becomes infinite. The total volume and
solid volume are then reduced to zero, which is not
possible. To obviate this possibility, the model pro-
posed here is modified from the basic time-lines
model by making the rate-lines nonlinear in e-ln(p)
space by the use of a non-constant compression in-
dex:

(40)

where N is the reference void ratio for p=patm on the
instantaneous time-line. The reference rate-line is
constrained in e-ln p space to pass through the void
ratio N when the reference stress p equals the at-
mospheric pressure patm. The reference coefficient
λ0 is the value of λ at p=patm, and the coefficient A
affects the nonlinearity of the e-ln p relation. The
instantaneous compression coefficient λ is a tangent
value for a given void ratio or a given mean stress.

MODEL VALIDATION

Despite its simplicity, the above model has
nevertheless several important predictions as will be
shown below. Before comparing the model predic-
tions against experimental data, the model
performance under idealized conditions are first
demonstrated. Simulations were performed for
strain-rate controlled isotropic compression
loading conditions under different strain rates.
Typical model parameters for clay are used, and all
simulations used the same initial conditions, with an
initial void ratio of 0.5 and an initial isotropic stress
of patm. Figure 13 shows the simulated stress-strain
behaviour which indicates strong dependence of the
post-yield stress-strain response on the rate of
straining. On the other hand, strain rate has no
effect on the elastic stress-strain response. To show

the isotach behaviour of the model, simulations
were carried out under similar strain-rate controlled
isotropic compression loading conditions but with
different stages of variable strain rates. The results
are given in Figure 14 which clearly illustrates the
isotach behaviour whereby the stress-strain curve
for the variable strain rate loading follows the
backbone curves for the different constant strain
rate loading.

Many tests have been performed in the labora-
tory of the Danish Geotechnical Institute [DGI,
2003], under various stress and strain-controlled
conditions, to determine the creep behaviour of
North Sea chalk. To validate the rate-dependent
model proposed here, model simulations were com-
pared to experimental triaxial test data on several
offshore and onshore outcrop chalks. One simula-
tion illustrates the performance of the model under
loading described by a σ1-constant creep under
uniaxial strain conditions. Under these conditions,
the axial strain increases and the radial stress
changes as creep progresses. Multiple creep stages
were performed during the tests under different
stress conditions, and were numerically simulated.
Two creep phases were simulated for one laboratory
result on offshore chalk. Results of the creep phases
for the offshore chalk are shown in Figure 15 with
comparisons to the observed behaviour. It is evident
that the model is able of closely simulating the creep
behaviour of the offshore chalk. The simulated axial
strain history and radial stress history match closely
both the observed axial strain history and radial
stress history.

One additional simulation illustrates the model
response under variable loading rate conditions.
Several isotropic compression tests with various
stress rate-controlled stages, including creep stages,
were performed on Lixhe chalk samples [PASACHALK,
2004] to examine the effect of loading rates on the
mechanical behaviour. These different stress rates

imposed include a “fast” stress rate (p· =3.3×10–3)

MPa s-1), a “slow” stress rate (p· =5.5×10–5 MPa s-1),
and creep. Test T2 was performed with the six load-
ing stages in the following sequence: slow stress rate,
creep stage 1, slow stress rate, creep stage 2, fast
stress rate, creep stage 3. The simulated behaviour
for test T2 is illustrated and compared with the ob-
served behaviour in Figure 16 . It may be seen that
the simulated stress-strain behaviour and creep be-
haviour match fairly well the test results. Two exam-
ples of rate-dependent behaviour are observed in
the test data and numerically simulated: these in-
clude (1) the dependence of the stress path in e-ln p
space (i.e., the appropriate rate-line) on the loading
rate, and (2) the increase in creep strain rate follow-
ing a faster loading rate. Both of these phenomena
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occur during the “fast” loading stage and creep
stage 3, which immediately follows.

The constant-rate-of strain (CRS) simulations
presented may be analyzed with respect to rate-de-
pendent yielding. For each test, the apparent yield
stress may be obtained from each stress-strain curve
where the stress-strain curve exhibits a significant
change in slope. As loading continues, the viscoplas-

tic strain rate increases and the ratio between the
axial stress rate and the axial stress rate in the ab-
sence of viscoplastic strain effects correspondingly
decreases distinctly from unity to a lesser value at
the apparent yield stress. Based on the derivation of
HICKMAN and GUTIERREZ [2007], the following rela-
tionship between axial yield stress and axial strain
rate during CRS loading was obtained:

Fig. 16 – Experimental data and numerical simulations for isotropic compression tests on Lixhe outcrop chalk, test T2: (a)
stress-strain behaviour; (b) creep behaviour. Experimental data were taken from PASACHALK 2 [2004].
Observed and simulated data for creep phase 2 of uniaxial strain compression test on offshore chalk: (c) axial strain history;
(d) radial stress history. Experimental data were taken from Danish Geotechnical Institute [2003].
Fig. 16 – (cont.). Confronto fra la simulazione numerica e i dati sperimentali della fase di consolidazione secondaria uniassiale di un 
calcare tenero marino: (a) storia di defomazione; (b) storia tensionale radiale. Dati sperimentali ottenuti presso il Danish Geotechnical 
Institute [2003]. 
Confronto fra la simulazione numerica e i dati sperimentali di prove di compressione triassiale isotropa sul calcare tenero di Lixhe: (a) 
relazione tensioni-deformazioni; (b) comportamento durante la fase di consolidazione secondaria (creep). Dati sperimentali ottenuti 
durante il progetto PASACHALK 2 (2004).
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(41)

Equation (41) describes a linear relationship
between axial yield stress and axial strain rate in
log-log space. In log-log space, the slope of the
best-fit line is equal to ψ / (λ - κ). This relationship
is consistent with data of Figures 3 and 7, and
Equation (1). As was already discussed the plots in
Figure 7 exhibit different slopes and intercepts for
dry chalk, oil-saturated chalk and water-saturated
chalk, potentially due to the dependency of creep
parameter ψ on pore fluid content. This consti-
tutes an alternative approach to that proposed in
RASTRA model in order to include pore fluid de-
pendent creep and it certainly deserves further in-
vestigations.

Conclusions

In this paper two rate dependent models for flu-
ids-filled chalks are presented and numerical results
are discussed. The models have been developed
adopting the “reference time” or “isotach” models
proposed by ŠUKLJE [1957] and BJERRUM [1967]. It
has been demonstrated that these approaches can
be encompassed in a consistent theoretical frame-
work based on the theory of plasticity.

The first model, called RASTRA, includes rate
effects by means of an extended strain rate depend-
ent hardening law. The definition of this law is sim-
ilar to Equation (1), based on available experimen-
tal results on Lixhe chalk partially saturated with oil
and water. Given the influence of oil-water suction
on time-dependent behaviour of Lixhe chalk, an ex-
tension of the constitutive framework including suc-
tion effects on creep has been proposed.

Preliminary simulations of isotropic compres-
sion tests on partially saturated chalk samples sub-
mitted to constant oil-water suction and variable
strain rates have demonstrated that RASTRA
model can simulate reasonably well the main be-
havioural features of the suction and time depend-
ent behaviour of Lixhe chalk. Besides the effect of
suction on chalk compressibility and yielding, di-
rectly incorporated adopting the BBM theoretical
framework, the novelty introduced by RASTRA
model consists in the capability of the model in ac-
counting for suction effect on the evolution of
creep.

In the second model by HICKMAN and GUTIER-
REZ [2007], rate dependency is considered extend-
ing the reference time approach by means of a
plastic flow rule derived from the logarithmic
creep law proposed by TAYLOR [1948]. It has been
shown that this choice leads to a stress-strain rate
dependency equivalent to Equation (1), whose va-

lidity has been experimentally verified in many
geomaterials, including chalks. From the above
demonstration the equivalence of the two models
has been confirmed. Hickman and Gutierrez’s
model has been used to simulate tests involving
variable stress and/or strain rate conditions, in-
cluding creep phases. Its reliability has been dem-
onstrated.

Additional validation of RAstra model are cur-
rently under consideration. Further developments
of the model will also include the case of deviatoric
loading. Analysis of the experimental results also
suggests a potential dependency of the creep pa-
rameter used in the Hickman and Gutierrez’s
model on pore fluids content. This would permit to
include pore fluids dependent creep and addition-
ally suction dependent creep.
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Modellazione viscoplastica di calcari 
teneri saturi e parzialmente saturi

Sommario
Obiettivo del presente lavoro è la presentazione di due modelli di 

comportamento per i calcari teneri porosi. Caratteristica comune ad 
entrambi i modelli è la formulazione matematica basata 
sull’approccio “isotach”. A tale scopo, un’introduzione a tale 
approccio è inizialmente proposta. L’analisi dei dati sperimentali 
ottenuti sul calcare tenero di Lixhe saturo e parzialmente saturo con 
acqua e petrolio è proposta allo scopo di confermare la pertinenza di 
tale approccio per la descrizione del comportamento viscoplastico di 
questa particolare classe di rocce tenere. La base teorica di entrambi 
i modelli è quindi presentata e si propone un confronto fra le 
simulazioni numeriche ottenute con i due modelli e i dati 
sperimentali. Entrambe le formulazioni integrano esplicitamente 
l’influenza del gradiente di deformazione e permettono di descrivere 
la fase di consolidazione secondaria (creep). Il ruolo della suzione 
acqua-petrolio sull’evoluzione delle fasi di consolidazione secondaria 
viene discusso e riprodotto matematicamente in uno dei due modelli 
proposti. A tale proposito vengono fornite delle prospettive sulla 
modellazione del comportamento viscoplastico dei calcari teneri 
parzialmente saturi, con particolare riferimento alla descrizione 
dell’effetto combinato di suzione e viscosità.


